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Abstract 

A Mobius structure (on a set X) is a class of metrics having the 
same cross-ratios. A Mobius structure is ptolemaic if it is invariant 
under inversion operations. The boundary at infinity of a CAT( — 1) 
space is in a natural way a Mobius space, which is ptolemaic. We give 
a free of classification proof of the following result that characterizes 
the rank one symmetric spaces of noncompact type purely in terms 
of their Mobius geometry: Let X be a compact Ptolemy space which 
contains a Ptolemy circle and allows many space inversions. Then X is 
Mobius equivalent to the boundary at infinity of a rank one symmetric 
space. 



1 Introduction 

Two metrics on a set X are Mobius equivalent if they have the same cross- 
ratios. A Mobius structure on A is a class of Mobius equivalent metrics. 
If a Mobius structure is fixed then X is called a Mobius space. Ptolemy 
spaces are Mobius spaces with the property that the inversion operation 
preserves the Mobius structure. A classical example of a Ptolemy space is 
the extended W 1 = W 1 U oo = S n , n > 0, where the Mobius structure is 
generated by an Euclidean metric on W 1 , and M. n is identified with the unit 
sphere S n C M n+1 via the stereographic projection. For more detail see 
Section [2l 

There is a well known deep connection between the geometry of the 
hyperbolic space H n+1 and the Mobius geometry of its boundary doo H n+1 = 
R n . More generally the boundary X = dooY of a CAT(— 1) space Y carries 
in a natural way a Mobius structure and is actually a Ptolemy space |FS1] . 
An isometry of Y induces a Mobius map of X and a Ptolemy circle a in 
X corresponds to a totally geodesic subspace Y a C Y isometric to H 2 with 
dooY a = a. Here a Ptolemy circle is a subspace Mobius equivalent to the 
Ptolemy space M = S . 
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Our motivation is to find a Mobius characterization of the boundary at 
infinity of rank one symmetric spaces Y of non-compact type. In the case 
Y = H n+1 this problem is solved in [FS2J for every n > 1: every compact 
Ptolemy space such that through any three points there is a Ptolemy circle 
is Mobius equivalent to M. n = H n+1 . 

Given distinct points uj, uj' in a Mobius space X, there is a well defined 
notion of a sphere S between uj, uj', see sect. I2.3| and a notion of a space 
inversion w.r.t. uj, uj' , S, which is a fixed point free Mobius involution 
<Pu>,w',S ■ X —¥ X, permuting ui and uj' , preserving S and any Ptolemy circle 
through uj, uj', see sect. 13.11 

We consider a Mobius space X with the following basic properties. 
(E) Existence: there is at least one Ptolemy circle in X. 
(I) Inversion: for each distinct uj, uj' G X and every sphere S C X between 
uj, uj' there is a unique space inversion ^u),aj',S : X — > X w.r.t. uj, uj' and S. 

Our main result gives the following Mobius characterization of the bound- 
ary at infinity of rank one symmetric spaces of non-compact type. 

Theorem 1.1. Let X be a compact Ptolemy space with properties (E) and 
(I). Then X is Mobius equivalent to the boundary at infinity of a rank one 
symmetric space of non- compact type taken with the canonical Mobius struc- 
ture. 

The canonical Mobius structure on the boundary at infinity X = d^Y 
of every rank one symmetric space Y of non-compact type can be described 
as follows. Assume that the metric of Y is normalized such that maximum 
of sectional curvatures equals —1. Take uj G X and a Busemann function 
b : Y — > M. centered at uj. Then the function db ■ X x X — > R defined by 

d b (£,0 = e-^, 

where G M is the Gromov product of £, £' w.r.t. b, is a metric on 

X. The canonical Mobius structure on X is generated by all such metrics 
db with b G uj G X. 

Remark 1.2. The property (E) plays a double role. First, it put a restriction 
on the topology of X excluding e.g. totally disconnected spaces. Second, it 
also serves as a normalization condition, because, for example, the Ptolemy 
space X = doo H n+1 , where H ra+1 is a real hyperbolic space of curvature — 1, 
contains a lot of Ptolemy circles, while for every < A < 1 the boundary at 
infinity X\ of the rescaled hyperbolic space A H' t+1 is still a Ptolemy space 
which however contains no Ptolemy circle. This is because the rescaling 
jjn+i ^ AH n+1 implies the operation d i— )■ d x for every metric d of the 
Mobius structure of X. 

The proof of Theorem 11.11 relies on two existence results. The first one, 
which is formulated as the property (IK) in Theorem 13.41 provides for every 
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oj £ X the existence of a canonical fibration 7r w : — > and for every x 6 
X^ the existence of a Ptolemy circle through x, oj, which hits a prescribed 
fiber of 7r w ; here X w = X \ oj. Preparation to the proof of this result, the 
proof itself and discussion of various consequences occupy the first part of 
the paper, sections [3] - El Most important consequence obtained here is the 
existence of a simply connected, nilpotent Lie group structure N u on every 
punctured space X u , oj 6 X, see sect. EJ At this point, one can formally 
conclude the proof of Theorem 11.11 referring to the Tits classification of 2- 
transitive group actions, see |Krj . The Tits classification gives an alternative 
between two possibilities. One of them is related to the rank one symmetric 
space on non-compact type, and the first part of the paper is actually the 
proof that the other one cannot be realized as Mobius transformations of 
any Mobius structure on X. 

However, we are not satisfied with that formal classification argument, 
and we prefer to give a direct, classification free proof of Theorem 11.11 to 
clarify the geometry of the phenomenon. We directly construct a symmetric 
space which has the Mobius space X as boundary at infinity. This is done 
in the second part of the paper, sections [7] - [HJ We introduce a filling Y = 
FillX of X as the set of all space inversions of X and a distance p on 
Y defined via cross-ratios of the Mobius structure of X. Then we show 
that p is a Riemannian distance associated with a Riemannian rank one 
symmetric space of non-compact type with maximum of sectional curvatures 
— 1. The proof is based on our second existence result that every Mobius 
map between two Ptolemy circles in X extends to a Mobius automorphism 
of X, see sect. [7J Finally, we conclude the proof of Theorem II .11 by showing 
that X = OoqY and that the canonical Mobius structure associated with Y 
coincides with the initial one on X. 

Our proof of Theorem 11.11 neither uses the classification of rank one 
symmetric spaces of non-compact type, nor gives a new approach to that 
classification. 

Section [2] serves as a brief introduction to Mobius geometry. 

Acknowledgments. We are thankful to L. Kramer for informing us about 
2-transitive group actions. The first author is also grateful to the University 
of Zurich for hospitality and support. 
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2 Mobius structures and Ptolemy spaces 

This section is a brief introduction to Mobius geometry. 



2.1 Mobius structures 



A quadruple Q = (x, y, z, u) of points in a set X is said to be admissible 
if no entry occurs three or four times in Q. Two metrics d, d' on X are 
Mobius equivalent if for any admissible quadruple Q = (x,y,z,u) C X the 
respective cross-ratio triples coincide, crtd(Q) = crt^Q), where 

crt d{Q) = (d(x,y)d(z,u) : d(x, z)d(y,u) : d(x,u)d(y, z)) G RP 2 . 

We actually consider extended metrics on X for which existence of an in- 
finitely remote point uj G X is allowed, that is, d(x,oj) = oo for all x G X, 
x / oj. We always assume that such a point is unique if exists, and that 
d(uj, oj) = 0. We use notation X w := X \ui and the standard conventions 
for the calculation with oj = oo. If oo occurs once in Q, say u = oo, 
then crtrf(x, y, z, oo) = (d(x,y) : d(x,z) : d(y,z)). If oo occurs twice, say 
z = u = oo, then crtrf(x, y, oo, oo) = (0:1:1). 

A Mobius structure on a set X is a class M = M(X) of metrics on X 
which are pairwise Mobius equivalent. 

The topology considered on (X, d) is the topology with the basis con- 
sisting of all open distance balls B r (x) around points in x G X w and the 
complements X \ D of all closed balls D = B r (x). Mobius equivalent met- 
rics define the same topology on X. When a Mobius structure M. on X is 
fixed, we say that (X, A4) or simply X is a Mobius space. 

A map / : X — > X' between two Mobius spaces is called Mobius, if / is 
injective and for all admissible quadruples Q C X 

crt(/(Q)) = crt(Q), 

where the cross-ratio triples are taken with respect to some (and hence 
any) metric of the Mobius structure of X and of X' . Mobius maps are 
continuous. If a Mobius map / : X — > X' is bijective, then f" 1 is Mobius, 
/ is homeomorphism, and the Mobius spaces X, X' are said to be Mobius 
equivalent. 

In general different metrics in a Mobius structure M can look very dif- 
ferently. However if two metrics have the same infinitely remote point, then 
they are homothetic. Since this result is crucial for our considerations, we 
state it lemma. 

Lemma 2.1. Let Ai be a Mobius structure on a set X , and let d, d! G Ai 

have the same infinitely remote point uj G X . Then there exists A > such 
that d'(x,y) = Xd(x,y) for all x, y G X. 

Proof. Since otherwise the result is trivial, we can assume that there are 
distinct points x, y G X w . Take A > such that d'(x,y) = Xd(x,y). If 
z G Xu, then crt^(x, y, z, oj) = crtrf/(x, y, z, uj), hence {d'{x,y) : d'(x,z) : 
d'(y,z)) = {d{x,y) : d(x,z) : d(y,z)). Since d'(x,y) = Xd(x,y) we therefore 
obtain d'(x, z) = Xd(x,z) and d'(y,z) = Xd(y,x). □ 
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In what follows we always consider X w = l\wasa metric space with a 
metric from the Mobius structure for which the point uj is infinitely remote. 

A classical example of a Mobius space is the extended W 1 = R n Uoo = S n , 
n > 1, where the Mobius structure is generated by some extended Euclidean 
metric on R n , and W 1 U oo is identified with the unit sphere S n C M n+1 
via the stereographic projection. Note that Euclidean metrics which are not 
homothetic to each other generate different Mobius structures by the lemma 
above, which however are Mobius equivalent. 

2.2 Ptolemy spaces 

A Mobius space X is called a Ptolemy space, if it satisfies the Ptolemy 
property, that is, for all admissible quadruples Q C X the entries of the 
respective cross-ratio triple crt(Q) G MP 2 satisfies the triangle inequality. 

The importance of the Ptolemy property comes from the following fact. 
Given a metric d G A4(X) possibly with infinitely remote point uj G X and 
a point z G X u , the metric inversion, or m-inversion for brevity, of d of 
radius r > with respect to z is a function d z (x,y) = d ^ z x)dfz\) ^ or an x ' 
y G X distinct from z, d z (x, z) = oo for all x G X\ {z} and d z (z, z) = 0. In 
particular, z is infinitely remote for d z . Using the standard convention we 
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also have d z (x,uj) = d ^ x ^ ■ A direct computation shows that d z is Mobius 
equivalent to d. 

Remark 2.2. When saying about an m-inversion of a metric without speci- 
fying its radius, we mean that the radius is 1. 

In general d z is not a metric because the triangle inequality may not be 
satisfied. However, we have 

Proposition 2.3. A Mobius structure M on a set X is Ptolemy if and only 
if M is invariant under the metric inversion d h- >■ d z w.r.t. every z G X. 

Proof. Since d z is Mobius equivalent to d 

{d z (x,y) : d z (y,u) : d z (x,u)) = cvt dz (x,y, z,u) = crt d (x, y, z, u) 

for x, y, u G X \ z. Thus the triangle inequality for d z is equivalent to the 
Ptolemy property of d. □ 

The classical example of Ptolemy space is M n with a standard Mobius 
structure as it follows from the proposition above. Here is the list of some 
known results on metric spaces with Ptolemy property. A real normed vec- 
tor space, which is ptolemaic, is an inner product space (Schoenberg, 1952, 
[Schj); a Riemannian locally ptolemaic space is nonpositively curved (Kay, 
1963, |Kay| ); all Bourdon and Hamenstadt metrics on dooY, where Y is 
CAT(— 1), generate a Ptolemy space (Foertsch-Schroeder, 2006, |FSlj ): a 
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geodesic metric space is CAT(O) if and only if it is ptolemaic and Buse- 
mann convex, a ptolemaic proper geodesic metric space is uniquely geodesic 
(Foertsch-Lytchak-Schroeder, 2007, [FLSj ): any Hadamard space ptolemaic, 
a complete Riemannian manifold is ptolemaic if and only if it is a Hadamard 
manifold, a Finsler ptolemaic manifold is Riemannian (Buckley- Falk- Wraith, 
2009, [BFWJ). These results allow to suggest that the Ptolemy property is 
a sort of a Mobius invariant nonpositive curvature condition. 

2.3 Spheres between points 

The notion of a sphere between two points is a notion of Mobius geometry 
and can be described in terms of the cross-ratio triple. Let X be a Mobius 
space. Given distinct uj, uj' G X, we say that x, y G X lie on some sphere 
between uj, uj' if crt(w, x, y, uj') = (1:1:*), i.e. the first two entries are 
equal. In particular, both x, y are distinct from uj, uj' . One easily checks 
this defines an equivalence relation on X\{uj,uj'}, and any equivalence class 
S C X \ {uj,uj'} is called a sphere between uj, uj'. Mobius maps preserve the 
sets of spheres between points: if ip : X — > X is a Mobius map, and S is a 
sphere between ui and uj', then <p(S) is a sphere between ip{uj) and <p(u)'). 
If uj is infinitely remote for some metric d of the Mobius structure then 

S = {x G X : d(x,uj') =r} = S d r {ui') 

for some r > 0, which justifies our terminology. 

Given distinct points x, y, uj, uj' G X the symmetries of the cross-ratio 
triple implies that x and y lie on a some sphere between ui and uj' if and 
only if uj and uj' lie on a some sphere between x and y. 

If we take some point on the sphere as infinitely remote, then the sphere 
becomes a bisector w.r.t. a respective metric. 

Lemma 2.4. Let S C X be a sphere between distinct a, a' G X. Then 
for every uj £ S the set = S \ {uj} is the bisector in X^ between a, a' , 
Sui = {x G X u : d(x,a) = d(x,a')}. 

Proof. In the space X^ we have crt(a, ui, x, a') = (d(x,a') : d(x,a) : *). 
Hence, x G if and only if d(x, a) = d{x, a'). □ 

2.4 Circles in Ptolemy spaces 

A Ptolemy circle in a Mobius space X is a subset a C X homeomorphic 
to S l such that for every quadruple (x, y, z,u) G a of distinct points the 
equality 

d(x, z)d(y, u) = d{x, y)d(z, u) + d{x, u)d(y, z) (1) 

holds for some and hence for any metric d of the Mobius structure , where it 
is supposed that the pair (x,z) separates the pair (y,u), i.e. y and u are in 
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different components of cr\{x, z}. Recall the classical Ptolemy theorem that 
four points x, y, z, u of the Euclidean plane lie on a circle (in this order) if 
and only if their distances satisfy the Ptolemy equality (pQ) . 

Let a be a Ptolemy circle passing through the infinitely remote point cj 
for some metric d G M and let a u = a \ cj. Then (pQ) says that for x, y, 
z G a w (in this order) d(x,y) + d(y,z) = d(x,z), i.e. it implies that is a 
geodesic, actually a complete geodesic isometric to R. 

We recall the following fact from [FS2J. 

Proposition 2.5. Let a and a' be Ptolemy circles. Let x\, xi, X3 and x' l; 
x' 2 , x' 3 be distinct points on a respectively on a' . Then there exists a unique 
Mobius homeomorphism up : a —> a' with ipixj) = x^. □ 

In particular all Ptolemy circles are Mobius equivalent. The standard 
metric models of a circle are (R, d), where d is the standard Euclidean met- 
ric, or (S 1 , d c ), where d c is the chordal metric on S , i.e. the metric induced 
by the standard embedding S 1 C K 2 as a unit circle. These two standard 
realizations of a circle are Mobius equivalent via the stereographic projec- 
tion. Note that by Lemma 12.11 there is up to homothety only one metric 
on a circle with a infinitely remote point, while there are plenty of bounded 
metrics (for a description of all Ptolemy metrics on S 1 see [FS2| ). 

2.5 Duality between Busemann and distance functions 

Let X be a Ptolemy space, d a metric of the Mobius structure with infinitely 
remote point cj, X w = X \ cj. If a Ptolemy circle a C X passes through cj, 
then / = a w is isometric w.r.t. d to a geodesic line and it is called a Ptolemy 
line in X u . 

With every oriented Ptolemy line I C X^ and every point cj' £ I we 
associate a function b : X u — > R, called a Busemann function of I, as follows. 
Given x £ X u , the difference d(x,y) — d(cj',y) is nonincreasing by triangle 
inequality as y G I goes to infinity according the orientation of I, y > cj' . 
Thus the limit b{x) = limi 3y ^ 00 (d(x , y)—d{cj',y)) exists. Note that b(cj') = 
and b(x) = —d(cj', x) for alH 3 x > cj'. 

For any Ptolemy space X there is a remarkable duality between Buse- 
mann and distance functions which is described as follows. 

On a Ptolemy line / C X u , we fix cj' G /, and let d! be the m-inversion of d 
w.r.t. cj' . Then d' is a metric of the Mobius structure with infinitely remote 
point cj' . In particular, V = a u i is a Ptolemy line in X w >. One easily checks 
that d is the m-inversion of d' w.r.t. cj, that is, the inversion operation is 
involutive. 

Let c : R — > X w > be a unit speed parameterization of V with c(0) = cj, 
b : X w — > R the opposite Busemann functions of I, that is, associated with 
opposite ends of /, which are normalized by 6 ± (w / ) = and b + o c(t) < 
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for t > 0, b o c(t) < for t < 0. Since d(x,u') ■ d'{x,oS) = 1 for every 
x £ X \ {u),oj'}, we have b ± o c(i) = =Fl/t for all t ^ 0. 

Proposition 2.6. For all x £ X \ {a;, a/} we /iaue 

6 ± (x) = ^lnd'( 3 ;, C (t))|i =0 , (2) 
where 4r is f/ie right/— left derivative. 

Remark 2.7. Note that the left hand side of ([2]) is computed in the space 
X w while the right hand side in the inverted space X w i. The equality © 
is our first example of duality equalities which appear in different places of 
the paper, see e.g. Remark 14.31 

Proof. We first note that the function t t— >■ d'(x,c(t)) is convex by the 
Ptolemy condition, and thus it has the right and the left derivatives at 
every point. Hence, the right hand side of Equation ([2]) is well defined. By 
definition, d(x,y) = ^ffg^ and d{x,J) = for all x, y £ X u . 

Now, we compute 

d(x,c(t))-d(u/,c(t)) - d'(x,c(t)) I 



d'(u),x)d'(u),c(t)) d'(u},c(t)) 

- mhm («'•«»-*<■*•<<«» 

for all t / 0, because d'(x,oj) = d'(x,c(0)) and d'(u,c(t)) = \t\. Since 
b ± (x) = lim t ^±o(d(x, c(t)) — d(ui' , c(t))) , we obtain 

b ± (x) = ^lnd'(x,c(t))\t=o- 

□ 



Given a Ptolemy circle a £ X and distinct points u), u' £ a, we denote 
by the subset in X w * which consists of all x such that u> is a closest to 
x point in the geodesic line a w > (w.r.t. the metric of X w i). 

Lemma 2.8. Let X be a Ptolemy space. Then for every Ptolemy circle 
g C X and each pair of distinct points uj, <J G a we have 

<U,' = B;,U,, (3) 

where B^, = {x G X u : b + (x) > and b~(x) > 0}, 6 ± : X w -> R are toe 
opposite Busemann functions of the Ptolemy line a w C X w w'to 6 ± (a; / ) = 0. 
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Proof. Denote by d! the metric of X w i and let c : R — >• X u i be the unit 
speed parameterization of the Ptolemy line o~ w > C X w / such that c(0) = w 
and fe 1 * 1 o c(i) = =Fl/i , see the paragraph preceding Proposition 12.61 For 
every x G D^ui we have ^-d'(x,c(t)) t =o > for the right derivative, and 
— ^rd'(x,c(t)) t= o < for left derivative because t = is a minimum point 
of the convex function t \— > d'(x,c(t)). Equation ([2]) implies that x G ,. 

Assume that b + (x) > and b~(x) > for some x G X \ {uj,uj'}. Equa- 
tion ([2]) implies that the right derivative ^-d'(x,c(t)) t =o > and the left 
derivative -^d'(x,c{t)) t=0 < 0. Thus t = is a minimum point of the 
convex function t h-> d'(x,c(t)) and hence x G -D^. □ 

2.6 Busemann flat Ptolemy spaces 

A Ptolemy space X is said to be (Busemann) flat if for every Ptolemy circle 
a C X and every point uj G <r, we have 

6 + + 6~ = const (4) 

for opposite Busemann functions : X^ — > R associated with Ptolemy line 

Busemann flatness implies that Busemann functions are affine in the 
following sense. 

Proposition 2.9. Let X be a Busemann flat ptolemaic space and let I, 
I' G X w be Ptolemy lines. Then the Busemann functions of I are affine 
functions on V . 

Proof. The opposite Busemann functions b + , b~ of I are convex on I', see 
[FS2J. Since the sum b + + b~ is affine on I' by Busemann flatness, b + and 
6~ are affine. □ 

The property of Busemann flatness is equivalent to that any horospheres 
of b + , b~ coincide whenever they have a common point. Thus the horosphere 
H^ui C X w of through u' G a w is well defined in a flat Ptolemy space. 

Proposition 2.10. A Ptolemy space X is flat if and only if for every uj G X 
and every x G X u the distance function d(x,-) is C 1 -smooth along any 
Ptolemy line I C X u , I ^ x. 

Proof. Assume that distance functions are C 1 -smooth along Ptolemy lines. 
We fix uj G X, a Ptolemy line I C X u , and let b^ be opposite Busemann 
functions of /. We suppose W.L.G. that b (uj') = for some point uj' G /. 
Then b + +b~ = along /. Equation ([2D implies that in fact b + (x)+b~ (x) = 
for every x G X u . Thus X is flat. 

Conversely, assume that X is flat. Given uj' G X, a Ptolemy line I' G X u i 
and x G X u > \ I', we show that the distance function d'(x, •) in X w > is C 1 - 
smooth along V at every point uj G I'. 
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Let c : R — > X u i by a unit speed parameterization of I' with c(0) = w, 
6 ± : X w — >• R the opposite Busemann function associated with the Ptolemy 
line I = (l'Ua/)\w C X w such that b ± (uj') = 0, 6+ o c(i) < for all 
t > 0. Then 6 + + 6~ = by the assumption, and by Proposition 12 . 61 we have 
^jrd'(x,c(t))\t=o = —^fcd r (x,c(t))\t=o, where ^ is the right derivative and 
— 4r is the left derivative. Hence d'(x,-) is C 1 -smooth. □ 

By Proposition 12.101 the duality equation ([2]) in a flat Ptolemy space X 
takes the following form 

b ± (x) = ±j t lnd'(x,c(t))\ t=0 . (5) 

Example 2.11. The Ptolemy space H = H n U{oo}, n > 2, generated by 
the real hyperbolic space H n , is not flat because the equality b + + b~ = const 
is violated in H n . (Recall that H n possesses the Ptolemy property and 
thus it generates a Ptolemy space by taking all metrics on H which are 
Mobius equivalent to the metric of H ra .) Note that the distance function 
d(x, •) : H n — > R is smooth for every x € H n along any geodesic line I, 
x I C H n . This does not contradict Proposition 12.101 because the m- 
inversion of d with respect to any point x G H n has a singularity at the 
infinity point of H . 

In flat Ptolemy spaces, the duality between distance and Busemann func- 
tions takes the following form. 

Lemma 2.12. Let X be a flat Ptolemy space, a C X a Ptolemy circle, and 
oj, oj' C a distinct points. Let H£ , C X w be the horosphere through to' of 

the Ptolemy line u w C X u , D%' w C X w / the set of all x E X u i such that oj is 
the closest to x point in the Ptolemy line a^i . Then 

H^,Uu } = D^Uuo'. (6) 

Proof. In a flat Ptolemy space we have H^ u i = B£ w , because level sets of 
opposite Busemann functions associated with a Ptolemy line coincide when 
they have a common point. On the other hand, by duality, Lemma l2.8( we 
have B^, Uuj = D% w U to'. □ 

3 Mobius spaces with circles and many space in- 
versions 

We begin this section with discussion of what is a space inversion of an 
arbitrary Mobius space. 
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3.1 Space inversions 

We define a space inversion, or s-inversion for brevity, w.r.t. distinct u, 
u)' G X and a sphere S C X between w, u' as a Mobius involution ip = 
Pu^'jS '■ X — > X, ip 2 = id, without fixed points such that 

(1) <p(uj) = to' (and thus <p(u>') = to); 

(2) ip preserves S, (p(S) = S; 

(3) (p(cr) = a for any Ptolemy circle a C X through to, to'. 

Remark 3.1. Motivation of this definition comes from the fact that in the 
case X = OoqY, where Y is a symmetric rank one space of non-compact 
type, any central symmetry / : Y —> Y with a center o G Y, f{o) = o, 
induces a space inversion doof = i^u/.s 1 : X —t X, where a geodesic line 
I = (oj, uj') C Y with the end points u), oj' passes through o, and S C X is a 
sphere between to, uj'. 

Remark 3.2. In general, there is no reason that an s-inversion (p = (fuui' S 
is uniquely determined by its data to, to' , S. However, if iff is another s- 
inversion with the same data, then it coincides with tp along any Ptolemy 
circle through to, uj' because any Mobius automorphism of a Ptolemy circle is 
uniquely determined by values at three distinct points, see Proposition 12.51 

A Mobius automorphism ip : X — > X of a Mobius space induces a map 
ip* : M. — > M., (ip*d)(x,y) = d((p(x),(p(y)) for every metric d £ M. and each 
x, y £ X, where M is the Mobius structure of X. Note that a metric inver- 
sion of a bounded metric cannot be induced by any Mobius automorphism 
X — > X, because a metric inversion w.r.t. to G X has to as the infinitely 
remote point. 

However if (p is a Mobius automorphism with ip{to) = to' and d is a metric 
with infinite remote point to, then uj' is infinitely remote for tp*d. Thus by 
Lemma 12. II eg* d = Xd' for some A > 0, where d' is the m-inversion of d w.r.t. 
to' , i.e. 

VP d){x,y) = — — - 

d[x, uj')d(y, to') 

for each x, y G X which are not equal to uj' simultaneously. 

In the case that <p = (pu^t s an s-inversion we can say in addition that 

Lemma 3.3. We have 

r 2 d(x, y) 



(cp*d)(x,y) 



d(x, uj')d(y, to') 
where r = r(d) is determined by the equation S = Sf{uj')- 
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Proof. We already know that (ip*d)(x,y) = d ^ x J^yfyu) 1 ) f° r eacn x > V £ X 
which are not equal to uj, simultaneously. We compute A by taking x £ S, 
y = ip(x). Then <p(y) = x and since ((p*d)(x,y) = d(x,y), d(x,uj') = r = 
d{y,uj'), we have A = r 2 . □ 

Contrary to metric inversions which always exist, in general there is no 
reason for a space inversion to exist. The existence of many space inversions 
put severe restrictions on the space. In the following theorem we recover 
some geometric properties of a space satisfying the assumptions of Theo- 
rem [LTJ Recall the basic properties, see Introduction 
(E) Existence: there is at least one Ptolemy circle in X. 
(I) Inversion: for each distinct uj, uj' £ X and every sphere S C X between 
uj, ui' there is a unique space inversion <p U ( j t s '■ X — > X w.r.t. uj, uj' and S. 

Theorem 3.4. Let X be a compact Ptolemy space with properties (E) and 
(I). Then for every uj £ X there is a 1-Lipschitz submetry tt^ : X^ — y B^j 
with the base B u isometric to an Euclidean space M. k , k > 1, such that any 
Mobius automorphism (p : X — > X with (p(oj) = uj' induces a homothety 
Tp : B w — > B w i with it^i o ip = Tp o tt^ . 

The fibers of u^, also called K-lines, have the property 

(K) given a 'K-line F C X u and x £ X u \ F, there is a unique Ptolemy line 
I C X^ through x that intersects F. 

Remark 3.5. Recall that a map / : X Y between metric spaces is called a 
submetry if for every ball B r (x) C X of radius r > centered at x its image 
f(B r (x)) coincides with the ball B r (f(x)) C Y. 

The proof occupies the rest of sect. [3] and sections 0HHJ In the remaining 
parts of this section we give first consequences of the properties (E) and 
(I). In particular we prove the existence of homotheties (H), the existence 
of shifts, two point homogeneity and the Busemann flatness of X. 

In what follows, we always consider the weak topology on the group 
Aut X of Mobius automorphisms of X, i.e. a sequence tpi £ Aut X converges 
to ip £ Aut X, ipi — > ip, if and only if pi(x) — > ip(x) for every x £ X. 

3.2 Mobius automorphisms and homothety property (H) 

In this section we establish some important additional properties of a Ptolemy 
space X which follow from (E) and (I). 

Given two distinct points uj, uj' £ X, we denote by C w u} i the set of all 
the Ptolemy circles a C X through uj, uj' , and by T u u i the group of Mobius 
automorphisms <p : X — > X such that <p(oj) = uj, <p(oj') = uj' , ip(o~) = o~ and 
ip preserves orientations of a for every a £ C^^ 1 ■ 
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Proposition 3.6. Any Ptolemy space X with properties (E) and (I) pos- 
sesses the following property 

(H) Homothety: for each distinct uj, uj' G X the group T^^/ acts transitively 
on every arc of a\ {uj, uj'} for every circle a G C W)( y. 

Remark 3.7. If one of the points uj, uj' is infinitely remote for a metric d of 
the Mobius structure, then every 7 G r W)( y is a homothety w.r.t. d. This is 
why we use (H) for the notation of the property above. 

Proof. We assume that uj' is infinitely remote for a metric d G A4. Then 
for any a G C W)W ' the curve a w i = a\ uj' is a Ptolemy line w.r.t. d, and any 
7 £ r^w' acts on 0^/ as a preserving orientation homothety. 

Composing s-inversions (p = y>u,u',Si ^ = ¥u,u',S' of X, where S, S' C X 
are spheres between uj, uj', we obtain a Mobius automorphism j = ip' o (p 
with properties 7(0;) = uj, 7(0/) = u/ and 7(0") = <7 for any Ptolemy circle 
a G Cu,u'- Having no fixed point, both ip, tp' preserve orientations of a. 
Hence, 7 preserves its orientations, thus 7 acts on every arc of a \ {uj, uj'} as 
a homothety. That is, 7 G r w ,u/- 

Let r, r' > be the radii of S, S' respectively w.r.t. the metric d, 
S = S?(uj), S' = S?,(oj). Then for every x G X\{oj, uj'} we have d(ip(x),oj) = 
and d(j(x),uj) = d(<p' o <p(x), <p'(uj')) = = (r'/r) 2 d(x, uj). 

Therefore, the dilatation coefficient of 7 equals A := (r'/r) 2 , and it can be 
chosen arbitrarily by changing S, S' appropriately. □ 

Corollary 3.8. Any two distinct Ptolemy circles in a Ptolemy space with 
properties (E) and (I) have in common at most two points. 

Proof. Assume uj, uj', x G a n a' are distinct common points of Ptolemy 
circles a, a' C X. We have 7(x) G a n a' for every 7 G r w( y. Then by 
property (H), the arcs of a and a' between uj, uj' which contain x coincide. 
Taking uj" inside of this common arc and applying the same argument to 
uj', uj", x = uj, we obtain a = a' . □ 

3.3 Busemann parallel lines, pure homotheties and shifts 

In this section we assume that the compact Ptolemy space X possesses the 
properties (E) an (I). 

We say that Ptolemy lines I, I' C X w are Busemann parallel if Z , I' share 
Busemann functions, that is, any Busemann function associated with / is 
also a Busemann function associated with I' and vice versa. 

Lemma 3.9. Let 1,1' a X u be Ptolemy lines with a common point, o G I Hi' , 
b : X u — > R a Busemann function of I with 6(0) = 0. Assume b o c{t) = 
—t = bo c'(t) for all t > and for appropriate unit speed parameterizations 
c, c' : R — > X u of I, I' respectively with c(0) = o = c'(0). Then I = I'. In 
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particular, Busemann parallel Ptolemy lines coincide if they have a common 
point. 

Proof. We show that the concatenation of c|(— oo,0] with c'|[0, oo) is also 
a Ptolemy line. Then I = I' by Corollary 13.81 It suffices to show that 
for s, t > we have |c(— s)c'(t)\ = t + s. By triangle inequality we have 
\c(—s)c'(t)\ < t + s. Letting ti — > oo we have \c'{t)c{ti)\ — — >• bod(t) = —t. 
Thus by triangle inequality again, we have 

\c(-s)c'(t)\ > \c(-s)c(U)\ - \c'(t)c(ti)\ = (U + s) - \c'(t)c(ti)\ ->t + s. 

Thus \c(-s)d(t)\ = t + s. □ 

Next, we show that a sublinear divergence of Ptolemy lines is equivalent 
for them to be Busemann parallel. 

Lemma 3.10. If two Ptolemy lines I, I' C X^ are Busemann parallel, then 
they diverge at most sublinearly, that is \c(t)c' (t)\/\t\ —> as \t\ —> oo for 
appropriate unit speed parameterizations c, d of I, I'. 

Conversely, if \c(ti)d (ti)\/\ti\ — > for some sequences ti — > ±oo, then 
the lines I, I' are Busemann parallel. 

Proof. Let c, d : R — > be unit speed parameterizations of Busemann 
parallel lines I, I' C X^ respectively, and a common Busemann function 
b : X^ -)■ R such that b o c(t) = bo d(t) = -t for all t G R. Let fi(t) := 
\c(t)d(t)\. We claim that fi(t)/\t\ — > for t — > ±oo. Assume to the contrary, 
that W.L.G. there exists a sequence t % — > oo with (i(ti)/ti > a > 0. 

By the homothety property (H) there exists a homothety ifi of X u with 
factor 1/ti such that (fi o c(s) = c(s/ti) for all s G R. Note that c^(s) = 
t^j o d(tis) is a unit speed parameterization of the Ptolemy line <fi(l'). For 
fixed i we calculate 

b o c£(f)) = hm (K(i)c(s)| - s) = lim {\^{d {tt t ))c{s)\ - s) 

s— too s—too 

= lim (\(pi(c'(tti))c(s/ti)\ - s/U) = lim (\ipi(c' (tti))ipi(c(s))\ - s/U) 

s— >oo s— >-oo 

= lim -(\c'(tti)c(s)\ -s) = -b(c'{tU)) = U-tti) = -t 

s^co ti ti ti 

for all t G R. The Ptolemy lines <Pi(l') subconverge to a Ptolemy line I" 
through c(0). If c" : R — > X is the limit unit speed parameterization of 
then bod'{t) = -t for all t G R, and |c"(l)e(l)| > a > 0. This contradicts 
Lemma 13.91 by which / = /' and thus c"(t) = c(t) for all t G R. 

Conversely, assume c, d : R — > X^ are unit speed parameterizations of 
Ptolemy lines I, I' C X^ with c(0) = o, c'(0) = o' such that b(o) = b(o') = 
for the Busemann function b : X^ — > R of / with b o c(i) = — t, t G R, 
and n(ti)/ti — > for some sequence ti — > oo, where /i(t) = \c(t)d(t)\. Let 
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b' : X^j — > M be the Busemann function of /' with b' o c'(t) = —t. Applying 
the Ptolemy inequality to the cross-ratio triple crt(Qj) of the quadruple 
Qi = (o,c(ti),c'(ti),o'), we obtain 

\\oJ(tiWc(ti)\ ~ \oc{ti)\\o' J (ti)\\ < loo'WciUyiU)]. 

Using \oc(U)\ =U = \o'c'(ti)\, \o'c(U)\ = b(o') + U + o(l), \oc'(ti)\ = b'(o) + 
ti + o(l), and \c(ti)c'(ti)\ = n(ti) = o(l)tj, we obtain 

\{b'(o) +U + o(l))(6(o') +U + o(l)) - tf I < \oo'\o(l)t h 

thus \b'(o)\ < o(l) and hence b'(o) = b(o') = 0. 

Finally, for an arbitrary x G X w consider the quadruple Q X: i = (x, c(ti) , d (tj) , o). 
By the same argument as above, we have 

\\xc'(ti)\ti - \xc(ti)\\oc (ti) \ I < |ox|/i(ii). 

Using \od(U)\ = b'(o) + U + o(l) = ^ + o(l), \xc'(ti)\ = b'[x) +U + o(l), 
|xc(tj)| = b(x) + t i + o(l), we finally obtain \b'(x) — b(x)\ < o(l) and hence 
b{x) = b'{x). Therefore, the lines I, I' are Busemann parallel. □ 

Given x, x' 6 X^, we construct an isometry r\ xx t : X w — > X u called a s/ii/it 
as follows. We take a sequence Aj — )• 00 and using the homothety property 
(H) for every i consider homotheties (fi S T U:X , tpi £ T^y with coefficient Aj. 
Then r\i = o ^ is an isometry of X^ for every i because the coefficient 
of the homothety r\i is 1. Furthermore, we have \r\i{x)x'\ = X~ 1 \xx'\ — > as 
i —> 00. Since X is compact, the sequence rji subconverges to an isometry 
j) = r] xx i with n(x) = x'. The term shift for n is justified by the following 

Lemma 3.11. A shift n xx / moves any Ptolemy line I through x to a Buse- 
mann parallel Ptolemy line rj xx '(l) through x' . 

Proof. We show that the line I' = rj xx '(l) cannot have at least linear diver- 
gence with I. Assume to the contrary that ^{t) > at for some a > and all 
t > 0, where fi(t) = \c(t)c'(t)\, c : R — > X^ is a unit speed parameterization 
of I with c(0) = x, c' = n xx i o c. 

Recall that rj xx > = limr/j, where r]i = o ip { , and tpi G r W|X , Vi £ ^w,x' 
are homotheties with the same coefficient Aj — > 00. By definition of the 
groups r^, r^^/, we have tpi(l) = I, ipi(l') = V . We take y = c(l), y' = 
c'(l). Then for yi = <fi(y) = c(Aj) we have \yic'(\i)\ = /i(Aj) > aAj. Thus 
for y[ = ip~ l {yi) the estimate \y[y'\ = l^ -1 {Ui)^ 1 c '(^i)\ > a holds for all 
i in contradiction with y\ — > y' as i — > 00. 

Therefore, there are sequences — > ±00, with ^(ij) = o(l)|ij|. By 
Lemma I3.1UI the lines /, /' are Busemann parallel. □ 

From Lemma 13.91 and Lemma 13.111 we immediately obtain 
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Corollary 3.12. Given a Ptolemy line I C X w , through any point x £ 
there is a unique Ptolemy line l(x) Busemann parallel to I. □ 

Recall that any Mobius map p : X — > X with <p(uS) = oj for oj £ X acts 
on X^j as a homothety. A homothety <p : X w — > X u is said to be pure if it 
preserves any foliation of X u by Busemann parallel Ptolemy lines. 

Lemma 3.13. For every o £ X w the group T^ consists of pure homotheties. 
In particular, every shift of X^ preserves any foliation of X w by Busemann 
parallel Ptolemy lines. 

Proof. Let I C X w be a Ptolemy line through o, b : X w — > R a Busemann 
function of I with b(o) = 0. Then b o p = Xb for every homothety cp £ Poj,o; 
where A > is the coefficient of cp. By Corollary 13.121 any Busemann 
function of any Ptolemy line l{x) through x E X^ is a Busemann function 
of a line I through o. Therefore, every ip £ r w>0 preserves any Busemann 
function b of l(x) with b(o) = in the sense that A _1 6 o (p = b, where A > 
is the coefficient of tp. Since \~ 1 bop is a Busemann function of the Ptolemy 
line ip~ 1 (l(x)), we see that this line is Busemann parallel to l(x). Thus cp 
preserves the foliation l(x), x G X w by Busemann parallel Ptolemy lines. □ 

A construction of a homothety from the group T wu i given in Proposi- 
tion 13.61 is not uniquely determined because to obtain a homothety with 
the same coefficient A one can take a composition of different pairs of s- 
inversions. Thus for given x, x' 6 X w a shift r\ xx i is not uniquely determined. 
We give a refined construction of shifts with property r\ xx i — > id as x — > x' 
which will be used in the proof of Lemma 15.71 below. 

Lemma 3.14. For x, x' E X u there is a shift rj xx i : X u — > X u with n xx > (x) = 
x' such that r/ xx / — > id as x — > x' . 

Proof. For Aj — > oo we denote by S = S\(x), Si = Sx^x) the metric spheres 
in X w centered at x of radius 1 and Aj respectively. Similarly we put S' = 
Si(x'), S[ = S x% (x')- Then tpi = <p x ^,Si <Px,u,S G ^u,x, fa = <Px',w,S't ° 
t Px',u,S' G r W)3; / are homotheties with the same coefficient A?, see the proof 
of Proposition 13.61 The sequence of isometries rji = ip^ 1 o ip^ : X^ — > X^ 
converges to a shift r\ : X^ — > X w with rj(x) = x' . We have 

Vi = <Px',u,S' ¥V,w,S< ¥>x,w,Si ° ¥>x,w,S 

and W,cj,S^ ° Vaj.w.Sj -> id, VV.w.S' ^x^S ->■ id as x -> x' because Sf -> S^, 
S 1 — t- S" in the Hausdorff metric, every s-inversion is uniquely determined by 
its data according to our assumption, and s-inversions preserve the family of 
metric spheres between data points, see sect. 12.31 Thus rfc — > id for every i 
as x t x . Moreover, the convergence of metric spheres around x to metric 
spheres around x' in the Hausdorff metric is uniform in radius as x — > x' , 
Hd(iSf (x), Sj:(x')) < \xx'\ for every r > 0. Therefore, rji — > id uniformly in i 
as x — > x' . This implies rj — > id as x — > x' . □ 
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3.4 Two point homogeneity 

By property (E) formulated in sect. [I] we know that the space X contains 
at least one Ptolemy circle. 

Proposition 3.15. Any compact Ptolemy space with the inversion property 
(I) is two point homogeneous, that is, for each (ordered) pairs (x,y), (x',y') 
of distinct points in X there is a Mobius automorphism f : X — )■ X with 
fix) = x', f{y) = y'. 

Proof. Applying an inversion, we can map x to x' . Let y" be the image 
of y under the inversion. Then y" ^ x' by the assumption. We consider a 
metric of the Mobius structure with infinitely remote point x' . By discussion 
above, there is a shift w.r.t. that metric which maps y" to y' . The resulting 
composition gives a required Mobius automorphism. □ 

Remark 3.16. In another terminology, under conditions of Proposition I3~. 151 
the action of the group Aut X of Mobius transformations on X is 2-transitive, 
i.e. Aut X acts transitively on all pairs (x, x') G X x X with distinct entries, 
see [Krj . 

It immediately follows from Proposition 13.151 that the property (E) in 
any compact Ptolemy space with (I) is promoted to 

(E) Enhanced existence: through any two points in X there is a Ptolemy 
circle. 

In what follow, we use this property under the name (E). 

3.5 Busemann functions and Busemann flatness 

The proof of Theorem 13.41 is based on study of Busemann functions on X w . 
In this section we assume that a compact Ptolemy space X possesses the 
properties (E) and (I). 

Lemma 3.17. Assume that Xi — > x in X, and a point uj £ X distinct from 
x is fixed. Then any Ptolemy circle I C X through u, x is the (pointwise) 
limit of a sequence of Ptolemy circles li C X through u, X{. 

Proof. In the space X w the circle / is a Ptolemy line (with infinitely remote 
point <jj) through x. Then the sequence li = rji(l) of Ptolemy lines with 
Xi £ li converges to /, where r/i : X u — > X^ is a shift with rji(x) = Xi, 
because the lines li are Busemann parallel to / by Lemma 13.131 and any 
sublimit of the sequence {li} coincides with I by Lemma I3U1 □ 

We fixwel and a metric d of the Mobius structure such that u is the 
infinitely remote point. It immediately follows from the Ptolemy inequality 
that the distance function d(z, •) to a point z G X^ is convex along any 
Ptolemy line in X u , see [FS2]. Under the homothety property (H) we prove 
that in fact d(z, •) is C 1 -smooth. 
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Proposition 3.18. A compact Ptolemy space with properties (E) and (I) 
is Busemann flat. 



Proof. By Proposition 12.101 it suffices to prove that the distance function 
d z = d(z, •) : X w — >■ R is C 1 -smooth along any Ptolemy line I C X^ for any 
lj G X, z G X w \ I. 

Assume that d z is not C 1 -smooth at some point x G I. We fix an ar- 
clength parameterization c : M. — > X u of I such that x = c(0). Since / = d z oc 
is convex, it has the left and the right derivatives at every point. By as- 
sumption, these derivatives are different at t = 0. It follows that 

Ummf /W-2/(0) + /(- t)>a 

t->0 t 

By Proposition 13. 6| property (H) holds for X. Now, using (H), we find for 
every A > a homothety h\ : X u — > X w with coefficient A that preserves the 
point x and the Ptolemy line I, h\(x) = x, h\(l) = I. Then d(x, h\(z)) — > oo 
as A — > oo and thus uj\ = h\(z) — > uj. By Lemma T3.171 there is a Ptolemy 
circle l\ through x, uj\ such that l\ — > I as A — > oo. We put A = l/t 
and consider points xf, x^ G l\ separated by x with d(x,x t ) = 1. Then, 
W.L.G., xf -»• c(±l) as t -»• 0. The points x, x 4 , a; a lie on the Ptolemy 
circle (in this order), thus 

2d(x,u\) > d(x,u)\)d(xf ,xj) = d(xf ,ui\) + d(xj ,u)\) 

by the Ptolemy equality. On the other hand, f(0)/t = d(x, and f(±t)/t = 
d(c(±l),w A ). Thus \d(xf,ui x ) - /(±*)/*| < d(a;f ,c(±l)) as i 0. 
Therefore, {fit) — 2/(0) + f(—t))/t — >• as t — > in contradiction with our 
assumption. □ 

Using Proposition 12.91 we immediately obtain 

Corollary 3.19. Given two Ptolemy lines I, I' G X w , the Busemann func- 
tions of I are affine functions on V . □ 

Lemma 3.20. For any Busemann function b : X w — )■ R of any Ptolemy line 
I C X w , every horosphere Ht = b~ l {t), t G R, is geodesically convex, that is, 
any Ptolemy line I 1 C X^ having two distinct points z, z' in common with 
Ht is contained in Ht, I 1 C Ht- 

Proof. We put b + = b and assume W.L.G. that b + (z) = = b~(z), where 
the Busemann function b~ of I is opposite to b + . Then b + +b~ = because X 
is Busemann flat, see Proposition 13.181 Thus Hq = (6 + )~ 1 (0) = (6~) _1 (0) 
is a common horosphere for b + , b~ . Since horoballs, i.e. sublevel sets of 
Busemann functions, are convex, the geodesic segment zz' C I lies in Hq. 
By Corollary 13. 19| the function b is affine along I', that is, boc(t) = at+/3 for 
any arclength parameterization c : R — )■ /' of I' and some a, f3 G R, \a\ < 1. 
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We choose c so that c(0) = z, c(\zz'\) 
b{z) = 0, and = b(z') = boc(\zz'\) 
This shows that V C Hq. 



= z' . Then (3 = by the assumption 
= a\zz'\. Hence a = and b\V = 0. 

□ 



4 Slope of Ptolemy lines and circles 
4.1 Definition and properties 

By Corollary 13.191 a Busemann function associated with a Ptolemy line is 
affine along any other Ptolemy line. We introduce a quantity which measures 
a mutual position of Ptolemy lines in the space. 

Let I, I' C X w be oriented Ptolemy lines. We define the slope of I' 
w.r.t. / as the coefficient of a Busemann function b associated with I when 
restricted to I', slope(/';/) = a if and only if b o d(t) = at + /3 for some 
{3 6 R and all t € R, where d : R — > X u is a unit speed parameterization of 
/' compatible with its orientation. The quantity slope(/';/) G [—1,1] is well 
defined, i.e. it depends of the choice neither the Busemann function b nor 
the parameterization d (we assume that b is defined via a parameterization 
of I compatible with its orientation). Note that the slope changes the sign 
when the orientation of I or I' is changed, 

slope(— I) = — slope(/'; I) = slope(Z'; —I). 

The first equality is obvious, while the second one holds because X is Buse- 
mann flat by Proposition 13. 181 

By definition, we have slope(/;/) = —1 for any oriented Ptolemy line 
I C X w . More generally, let I, I' C X^ be Busemann parallel Ptolemy 
lines. If an orientation of I is fixed, then a compatible orientation of I' is well 
defined. Indeed, we take a Busemann function b of I such that b — > — oo 
along I in the chosen direction. Since b is also a Busemann function of I', 
the respective direction of V such that b — > — oo along I' is well defined, and 
it is independent of the choice of b. 

Now, if orientations of Busemann parallel I, I' are compatible, then 
slope(Z';Z) = — 1 = slope(/;/'). 

Lemma 4.1. Let I, I' C X u be Busemann parallel Ptolemy lines with com- 
patible orientations. Then for any oriented Ptolemy line I" C X w we have 
slope(/;/") = slope(Z / ;Z"). 

Proof. Let b : X u — > R be a Busemann function associated with I". There 
are unit speed parameterizations c : R — > I, d : R — > I 1 compatible with the 
orientations of I, I' such that bo c(0) = bo c'(0) =: (3. Then, since b is affine 
along Ptolemy lines, bac(t) = at + /3, bad(t) = a't + /3 for some \a\, \a'\ < 1 
and all t 6 R. We show that a = a' . 
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Since the orientations of I, I' are compatible, we have |c(t)c'(i)| = o(l)|i| 
as \t\ — 7- oo by Lemma 13.101 Let c" : M — > I" be a unit speed parameter- 
ization such that b(x) = lim^oo |c"(s)j;| — s, x G X w . Since ||c"(s)c(t)| — 
\c" (s)c' (t)\ \ < \c(t)c'(t)\ = o(l)t as t -> oo, we have 

\(a-a')t\ = \boc{t) -boc'(t)\ = o(l)t 

and hence a = a'. □ 

Proposition 12.91 combined with duality gives rise to a first variation for- 
mula to describe which we use the following agreement. Let a, a' C X 
be Ptolemy circles meeting each other at two distinct points oj and oj', 
a Da' = {oj,oj'}, which decompose the circles into (closed) arcs a = <j + Ucr_ 
and a' = a' + U The choice of oj as an infinitely remote point automati- 
cally introduces the orientation of a as well as of a' such that oj' is the initial 
point of the arcs <r+, a' + , while oj the final point of <r + , a' + , and the simi- 
lar agreement holds true for the choice of oj' as an infinitely remote point. 
Then the slope(<7^,; a^) of the Ptolemy line a'^ C X w w.r.t. the Ptolemy line 
er w C is well defined. 

Lemma 4.2. Let a, a' C X be Ptolemy circles meeting each other at two 
distinct points oj and oj', g n a' = {oj,oj'}, which decompose the circles into 
(closed) arcs a = a + U cr_ and a' = a' + U a'_ . Let c : R — )■ X u / , d : R — > X w 
6e t/ie unii speed parameterizations of the oriented Ptolemy lines a w i C X w /, 
cr^ C X u respectively compatible with the orientations such that c(0) = oj, 
c'(0) = oj'. Then 

^d'(c'(s),c(t))\ t =o = a signs (7) 

for all s ^ 0, where d' is the metric of X u i , and a = slope (a' w ; cr u ). 

Remark 4.3. We emphasize that ([7]) is a typical duality equality where the 
left hand side is computed in the space X^i, while the right hand side is 
computed in the inverted space X^. 

Proof. By Corollary I3.19| the Busemann function b of with b(oj') = 
is affine along the Ptolemy line o~' u C X u . Thus b o c'(s) = as for a = 
slope (<r^ ; (jjj) and all s 6 R because 6o c'(0) = b{oj') = 0. Since X is 
Busemann flat by Proposition I3.18| Equation ([5]) applied to b + = b gives 

as = boc'(s) = ± lnd'(c'(s),c(t))\t=o = „ * J -d'(c'(s),c(t))\t=o 
dt d'{c(s),oj) dt 

for all s / 0. Using that d'(c'(s),oj) = l/|s|, we obtain the required equality. 

□ 

In the situation with two Ptolemy circles intersecting at two distinct 
points as in Lemma 14.21 we have four a priori different slopes. The duality 
and existence of s-inversions allows to reduce this number to one. 
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Lemma 4.4. Let a, a' C X be Ptolemy circles meeting each other at two 
distinct points oj and oj 1 , a n a' = {oj, oj'}, which decompose the circles into 
(closed) arcs a = o+ U <r_ and a' = o~' + U a'_ . Then 

slope(cr^;o- w ) = slope(cr<y; a' u ,). 

Proof. Denote a = slope(a' ul ; a^) and a' = slope(a u r,a' ajl ). As in Lemma 
let c : R — > Xu', d : R — > X^ be the unit speed parameterizations of the 
oriented Ptolemy lines C X w i, a' u C X^ respectively compatible with 
the orientations such that c(0) = oj, c'(0) = oj' . Let b' : — > R be the 
Busemann function associated with cr' , such that b'(oj) = (according to our 
agreement, b' is computed via a parameterization of a'^, which is opposite 
in orientation to that of the parameterization d). Then b' o c{t) = a't for all 
t £ R by the definition of a' = slope(cv; o~' u ,). Thus 

a't = b'o c (t) < d'(c'(s),c(t)) - d'(c'(s),oj) 

for all s > and all (sufficiently small) t € R, where d' is the metric 
of X u i. The last inequality holds because the right hand side decreases 
monotonically to b' o c(t) for every fixed t as s — > 0. Applying Equality ([7]), 
we obtain a! < a. Interchanging oj with oj' and <r with a' , we have a < a' 
by the same argument. Hence, the claim. □ 

Using Lemma 14.41 the first variation formula ([7J) can be rewritten as 
follows 

—d'(c'(s),c(t))\ t=0 = a' signs (8) 

for all s / 0, where a' = slope (er^/; o~' w ,). Now, the both sides of (|8|) are 
computed in the same space X u > . 

Lemma 14.41 implies the symmetry of the slope w.r.t. the arguments. 

Lemma 4.5. For any oriented Ptolemy lines I, I' C X w we have slope(/'; I) = 
slope(Z; I'). 

Proof. We assume W.L.G. that I fl I' = oj' and represent I = o w , I' = a'^ 
for Ptolemy circles a = I U oj, a' = V U oj. Then a fl a 1 = {oj,oj'}. Let 
S C X be a sphere between oj, oj', ip = <p u , U ',s '■ X X the s-inversion 
w.r.t. oj, oj', S. Then <p preserves any Ptolemy circle though oj, oj' and its 
orientations. In particular, ficr^) = a w i and y(cr^) = a' w ,. We assume that 
S = Sf{oj'), where d E Ai is the metric of X u . Then the metric d' = (p*d 
is the m-inversion of d, and vice versa, see Lemma 13.31 It follows that the 
map ip : {X u ,d) — > {X u i,d') is an isometry. 
Now, we have 

slope(a^,;cr w /) = slope(</j(cr^); <p(a u )) = sloped; <r u ) = slope(/';/)- 

Using Lemma EL"4l we obtain slope(l;l') = slope(<r^; o~' u ) = slope(a' u)/ ; a^') = 
slope(Z';Z). □ 
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From now on, we use notation slope(7, 1') for the slope instead of sloped; /'). 
We say that Ptolemy lines I, I' C X^ are orthogonal if slope(/',/) = 0. By 
Lemma 14.51 this is a symmetric relation. For orthogonal lines we also use 
notation 11.1' . 

4.2 Tangent lines and slope of Ptolemy circles 

A Ptolemy line I C X u is tangent to a Ptolemy circle a C X u at a point 
x £ cr if for every y £ a sufficiently close to x we have dist(y, /) = o{\xy\). 

Proposition 4.6. Every Ptolemy circle a C X u possesses a unique tangent 
Ptolemy line I at every point x £ a. 

Proof. Let d be the metric of X u , d! the metric inversion of d w.r.t. x, 
~ d(y,x%'d(z,x) ' Then x is infinitely remote for d' , and a \ x C X x is 
a Ptolemy line w.r.t. the metric d' on X^. By Corollary 13.121 there is a 
unique Ptolemy line I C X x through u which is Busemann parallel to the 
line a\x. Then I = (I U x) \ u C X^ is a Ptolemy line through x. We show 
that I is tangent to a at x. 

We fix on a \ x and I compatible orientations, see sect. 14.11 and choose 
y £ a, y' £ I with sufficiently small positive t = d(x, y) = d(x, y') according 
to the orientations. Recall that d is also the metric inversion of d' w.r.t. ui, 
and that d(x, z) = l/d'(uj, z) for every z £ X \ {x, oj}. Then 



By Lemma f3 . 1 L d ^ — > as t — > 0, hence d(y,y') = o(t), and thus I is 
tangent to a at x. 

If I' C X u is another tangent line to a at x, then reversing the argu- 
ment above we observe that the Ptolemy lines I, I' = (!' U w) \ i C X x 
through uj diverge sublinearly and thus they are Busemann parallel again 
by Lemma 13.101 It follows that I = I' and 1 = 1'. □ 

Now, we reformulate Corollary 13 . 1 2 1 as follows. 

Corollary 4.7. Given a Ptolemy line I C X u and a point x £ I, for any 
other point y £ X^ there exists a unique Ptolemy circle a C X w through y 
tangent to I at x. In particular, if y £ I, then a = I. 

Proof. Consider a metric of the Mobius structure on X with the infinitely 
remote point x and apply Corollary 13.121 □ 

If oriented Ptolemy circles cr, a' C X are disjoint, then their slope is not 
determined. Assume now that u £ a Ha'. Then slope^ (a, a) £ [—1,1] is 
defined as the slope of oriented Ptolemy lines cf\l>j, a'\u) C X u . This is well 



d(y,y') 



= t 



d' 



(y,y') 
l/t 



d'(u,y)d'(u,y') 
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defined and symmetric, slope w (cr, a') = slope UJ (a' , a), by Lemma [431 In the 
case slope a; ((T, a') = ±1, the Ptolemy circles are tangent to each other at uj, 
having compatible (—1) or opposite (+1) orientations. This means that in 
any space X w i with uj 1 ^ uj, the Ptolemy circles a \ uj', a' \ uj' C X u have a 
common tangent line at uj. 

More generally, let I, V C X u i be the tangent lines to a, a' respectively 
at uj, oriented according to the orientations of a, a'. Then slope aj (cr, a') = 
sloped, I') because in the space X^ the Ptolemy line a \ uj is Busemann 
parallel to I \ uj, and a' \ uj is Busemann parallel to I' \uj, and we can apply 
Lemma 14.11 

Furthermore, if a, a' have two distinct common points, uj, uj' £ a n 
a', then slope^ (a, a') = slope w /(cr, a'). This follows from Lemma [4.41 and 
Lemma 14.51 Thus we use notation slop e ( a, a') for the slope of intersecting 
oriented Ptolemy circles a, a' . 

5 Fibration 7r w : X u — > 
5.1 Definition and properties 

As usual we fix uj G X and consider a metric d of the Mobius structure with 
infinitely remote point uj. 
Given x £ X w , we define 

F x = f]H h 

l3x 

where the intersection is taken over all the Ptolemy lines I C X w through 
x, Hi is the horosphere through x of a Busemann function associated with 
I (since X is Busemann flat, Hi is independent of choice of a Busemann 
function) . 

Lemma 5.1. For any y G F x we have F y = F x . 

Proof. By Corollarv l3.12l for every Ptolemy line / through x there is a unique 
Ptolemy line /' through y such that I, I' are Busemann parallel. Let b be a 
Busemann function of / such that b{x) = 0. Then b{y) = because y lies 
in the horosphere through x of b. Hence Hi = Hy because b is a Busemann 
function also of I', and thus F y = F x . □ 

By Lemma l5T| the sets F x , F x > coincide or are disjoint for any x, x' G X w . 
We let = {F x : x G X^} and define ix^ : X^ — > by vr w (x) = F x . 
Therefore, the fibers Ff, = ix~ l {b), b G B^, form a partition of X w , B w is the 
factor-space of this partition, and 7r w is the respective factor-map. A fiber 
F of 7r w is also called a K-Zine. 

Lemma 5.2. For any uj, uj' G X, any Mobius automorphism (p : X — )■ X 
with tp(uj) = uj' induces a bisection Tp : B^ — > B w i such that ir^' o (p = TpoTT^. 
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Proof. It follows from Lemma 12,11 that for any metrics d, d! of the Mobius 
structure with infinitely remote points u, u' respectively, the map ip : 
(X u , d) — > {X u i : d') is a homothety. Thus ip maps any Ptolemy line Z C 
to the Ptolemy line V = ip(l) C X u i, and b o ip^ 1 is proportional to a Buse- 
mann function of V for any Busemann function b of I. It follows that ip 
induces a bijection Tp : B w — > B u such that Tp o ■k^ = ■k^ o <p>. □ 

Proof of property (K): uniqueness. Let F C X w be a K-line, and let x G 
X \F. We show that there is at most one Ptolemy line in X w through x 
that meets F. Assume that there are Ptolemy lines I, V G through x 
that intersect F. Let c : R — > I, d : R — > V be unit speed parameterizations 
such that c(0) = x = c'(0), and c(s) G F, c'(s') 6 F for some s, s' > 0. 
For the Busemann function 6 : — > R, 6(y) = lim^-oo |yc(t)| — of Z 
we have 6(c(s)) = s = b(c'(s')) because c(s), c'(s') G F and F is a fiber 
of the fibration 7r w : X w — > B^. The function t h-> |c'(s')c(t)| — + s) 
is nonincreasing and it converges to b(c'(s')) — s = as t — > —00, thus 
s' = \c'(s')c(0)\ > s = |c(s)x|. Interchanging I and I' we obtain s > s' by 
the same reason. Hence s = s'. Since the Busemann function b is affine 
along I' by Corollary 13.191 and it takes the equal values = b o c(0) and 
60 c(s) = s = bo c'(s) along Z, I 1 at two different parameter points, we have 
b o c (t) = bo c '(t) for every t G R. By Lemma GD3 i = □ 

Lemma 5.3. Given a Ptolemy line I C X w and distinct points x, y G I, a 
Ptolemy line I' C X^ through x' G F x meets the fiber F y if and only if it is 
Busemann parallel to I. In this case \x'y'\ = \xy\ for y' = V n F y . 

Proof. By Corollary 13.121 there is a unique Ptolemy line I through x' which 
is Busemann parallel to Z. Consider compatible unit speed parameterizations 
c : R — > I, c : R — > Z such that c(0) = x, c(0) = x'. Then y = c(t) for some 
teE. We show that c(t) G F r Let I" be a Ptolemy line through c(t), 6" 
a Busemann function of Z" with b"{c{t)) = 0. We show that c(t) lies in the 
zero level set of 6", b"(c{t)) = 0. 

By Corollary 13. 12\ there is a Ptolemy line through c(0) for which 6" is a 
Busemann function. Then the K-line F x lies in a level set of b" , in particular, 
6"(c(0)) = b"(c(0)) =: /3. By Lemma IO we have 6"o C (s) = as+/3 = b" oZ(s) 
for all s G R. In particular, b"(c(t)) = b"(c(t)) = 0, hence c(t) G F a and 
Z meets F y . By the uniqueness part of property (K), there is at most one 
Ptolemy line through x' that hits F y . Hence, if V meets F y , then I' = I is 
Busemann parallel to I. Moreover, the argument above also shows that the 
K-lines F x , F y are equidistant, \x'y'\ = \xy\. □ 

5.2 Zigzag curves 

We fix oj G X and consider a metric on X u with infinitely remote point 
00. Let Z C X w be an oriented Ptolemy line. By Corollary I3.12[ there is a 
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foliation l(x), x E X w of the space by Ptolemy lines, which are Busemann 
parallel to I. Moreover, every member l(x) of the foliation has a well defined 
orientation compatible with that of Z, see sect. 14.11 

Lemma 5.4. Let l\, 1% C X w be oriented Ptolemy lines which induce respec- 
tive foliations of X w . We start moving from x G X w along li(x) by some 
distance s\ > up to a point y, and then switch to foil/) and move along it 
by some distance S2 > up to a point z. Next, we move from x' G X u along 
h(x') by the distance S2 up to a point y' , and then switch to h(y') and move 
along it by the distance s% up to a point z' , where we always move in the 
directions prescribed by the orientations. If x, x' lie in a K-Zme F C X w , 
then z, z' also lie in one and the same K-Zme F' C X u . 

Proof. Let ci, &i : R — > X u be the unit speed parameterizations of h(x), 
hix') respectively compatible with the orientations such that ci(0) = x, 
C2(0) = x'. We also consider the unit speed parameterizations 4) 4 : R — )■ 
X w of h(y'), h(y) respectively compatible with the orientations such that 
4(0) = y\ 4(0) = y. Then c x {s x ) = y = 4(0), c 2 (s 2 ) = y' = 4(0) and 
4(s 2 ) = z, 4(si) = z'. 

Let b be a Busemann function of a Ptolemy line I C X w which vanishes 
along F, in particular, b{x) = = b{x'). By Corollary 13.191 b is affine 
along any Ptolemy line in X w , in particular, b o ci(t) = aii, b o C2(t) = 
for some aj which by Lemma 14.11 only depends on Zj, % = 1,2, and for 
all t E R. Thus we have 6(2') = 60 4( s l) = + 02*2 and similarly 

Z>(z) = 60 4(^2) = 012S2 -\-a\S\. Hence any Busemann function on X w takes 
the same value at the points z and z', i.e. these points lie in a common 
K-line F'. □ 

Given a base point o G a finite ordered collection £ = {Zi, . . . , l/~} 
of oriented Ptolemy lines in X u , and a collection S = {si, . . . , s^} of non- 
negative numbers with s± + • • • + s& > 0, we construct a sequence 7 P = 
7 p (o, £,5) C Xu, p > 1, of piecewise geodesic curves through o as fol- 
lows. Recall that we have k foliations of X u by oriented Ptolemy lines 
h(x), . . . , lk(x), x £ Xu, which are Busemann parallel with compatible ori- 
entations to li, . . . , Ik respectively. 

The curve 7 P starts at o = v® for every p > 1. We move along h(o) by 
the distance si/2 p_1 up to the point vj, G h(Vp), then switch to the line 
h(Vp) and move along it by the distance S2/2 P_1 up to the point vp 1 etc. On 
the ith step, for 1 < i < k, we move along the line hiv 1 ^ 1 ) by the distance 
Si/2 P ~ 1 in the direction prescribed by the orientation of the line up to the 
point v p G li(Vp~ l ). Starting with the point we then repeat this procedure 
only taking the subindices for Zj, Sj modulo k for all integer i > k + 1. 

This produces the sequence of vertices of 7 P for all n > 0. For 
integer n < the vertices v™ are determined in the same way with all the 
orientations of the lines 1%, . . . , 1^ reversed, with the starting line Zfc(o), and 



26 



with the ordered collections C = {Ik, • ■ ■ , h} of lines, and S = {s k , . . . ,s\} 
of numbers. 

Every curve 7 P receives the arclength parameterization, for which we use 
the same notation 7 P : R — > X u , with j p (0) = o. Then for every m G Z, 
1 < i < k, we have 7p(ip) = Vp is a vertex of 7 P , where n = k(m — 1) + i, 
tp = [{s 1 + --- + s i )m + {s i+1 + --- + s k )(m-l)]/2P- 1 (the sum (s m + - • -+s k ) 
is assumed to be zero for i = k). 

It follows from Lemma 15.41 bv induction that for every n = km G Z, the 
vertices i;™ = 7 p (£ p ) of 7 P and = 7p+i(t p ™ 1 ) of 7 p+ i lie in a common K- 
line in for every p > 1. Prom this one easily concludes that the sequence 
of the projected curves 7r w (7 p ) C £? w converges (pointwise in the induced 
topology). At this stage, we do not have tools to prove that the sequence 
7 P itself converges in X w . However, we need a limiting object of 7 p . Thus, 
for instance, we fix a nonprincipal ultra-filter on Z and say that 7 = lim7 p 
w.r.t. that ultra-filter. By this we mean that j(t) = ]hnj p (t) for every 
t € R. The curve 7 = 7(0, C,S) is called a zigzag curve, and it is obtained 
together with the limiting parameterization 7 : R — > X u , 7(0) = o, which in 
general is not an arclength parameterization. 

Lemma 5.5. Every Busemann function b : X w — > R is affine along any 
zigzag curve 7, that is, the function b o 7 : R — >• R is affine. More- 
over, if 7 = 7(0, £,S) for a base point o £ X w , some ordered collec- 
tion C = {lx, . . . ,lk} of oriented Ptolemy lines in X w , and a collection 
S = {s\, . . . ,Sk} of nonnegative numbers with s\ + • • • + s& > 0, andb(o) = 0, 
then b o j(t) = j3t for all t € R 5 where j3 = ^ ajSj/ Y2i s i> a i = slope(Zj, I), 
i = 1, . . . , k, and I C X^ is the oriented Ptolemy line for which the function 
b is associated. 

Proof. We assume that 7 = lim7 p . Since 7 P is piecewise geodesic for every 
p > 1, the function 60 7 p : R — y R is piecewise affine. Recall that the points 

= 7 p (ip) are vertices of j p , where = [(si H + Sj)m + H + 

Sfc)(m — 1)]/2 P_1 for n = /c(m — 1) + i G Z. Thus we have by induction 

b lp(t p ) = [(aisi H h ajSj)m + (a i+1 s i+ i H h a k s k ){m - 1)]/2 P_1 

for n = k(m — + i G Z. Hence, 6o7p(t") = /3ip +o(l) as p — > 00. Since the 
step tp +1 — tp< maxj Sj/2 P_1 — » as p — > 00, we conclude that 6o7 p — >• 607 
pointwise as p — > 00, and b o 7(4) = f3t for all i G R. □ 

Lemma 15.51 gives a strong evidence in support of the expectation that a 
zigzag curve under natural assumptions actually is a Ptolemy line. However 
we need additional arguments for the proof of this. 

For u, o G X, the group r W)0 consists of homotheties cp : X^ — > X u 
with (f(o) = o such that (p(l) = I for every Ptolemy line I C X w through 
o preserving an orientation of I, and moreover by property (H), acts 
transitively on the open rays of I with the vertex o, see Proposition 13.61 
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Lemma 5.6. For any base point o G X^, the homothety <p G r w>0 with the 
coefficient A = 1/2 leaves invariant a zigzag curve 7 = "y(o,C,S) for any 
ordered collection of oriented Ptolemy lines C = {h, . . . , l^} in X w , and any 
collection S = {s±, . . . , s^} of nonnegative numbers with si + • • • + s& > 0. 

Proof. Let 7 P = 7 p (o, C, S), p > 1, be the sequence of piecewise geodesic 
curves in X w , so 7 = lim7 p . For p > 1, we let v p m , m G Z, be the sequence 
of vertices of 7 P , T7 p m = 7r w (-u p m ) the sequence of respective fibers of the 
fibration 7r w : X w — > B w . Recall that the sequences {v k p m : meZ},p>l, 
approximate the projection 71^(7) of 7, that is, ^(7) coincides with the 
closure of the union U p {v p m : m G Z}. 

We have (/?(7 P ) = 7 p +i and (/?(-u p m ) = Vp™± by the construction of 7 P 
and Lemma 13.131 For every dyadic number q = m/2 r , m G Z, r > 0, 
the sequence v(q) = {vp p : p > r + 1}, where q p = 2 p_ ( r+1 ) ■ km, lies in a 
common fiber F = F(q) of 7^. Thus ip maps this sequence into the sequence 

v >(q) = { v f +l : p> r + l} C </>(F) = F(q/2), where g p = 2P" r (A;m/2), 
shrinking the mutual distances by the factor 1/2. Hence for the limit point 
x = limv(q) G 7 of any limiting procedure giving 7 = lini7 p we have 
<p{x) = Y\mv'{q) G 7. The points of type x = \\mv(q) with dyadic q are 
dense in 7, thus ip preserves 7, ^(7) =7. □ 

Lemma 5.7. Let 7 = 7(0, £,5) C X w 6e o zigzag curve with base point 
o G X u , where C = {1%, . . . , 5 = {si, . . . , Sfc}, s\ + • • • + s^ > 0. TTien 
/or any o' G 7 we have 7(0', £, 5) = 7, i.e. any zigzag curve 7 is independent 
of a choice of its base point o. 

Proof. We first consider the case o' = j(t q ) is a dyadic point with dyadic 
q = m/2 r , m G Z, r > 0, and i g = (sj + • • • + Sfe)^, for the canonical 
parameterization t \-t 7(7;) of 7. Then d is an accumulation point of the 
vertices v p = Vp p = 7 p (ip p ), p > r + 1, where g p = 2 p_ ( r+1 ) • /cm and 
tp 1 = (s\ + ■ ■ ■ + Sk)(q p /k)/2 p ~ 1 = t q , of approximating piecewise geodesic 
curves j p , 7 = lim7 p (recall that the sequence v(q) = {vp p : p > r + 1} lies 
in a fiber F(q) C X^ of the projection 7^, see the proof of Lemma f5.(jj) . 
That is, d = lim v p for our limiting procedure. 

By Lemma 13.141 there is a shift rj p = r/ Vp0 i : X w — > X w with rjp(v p ) = d 
and limr/p = id. Then r/ p (7 p ) = 7' where 7 p = 7 P (o',£,5) is the piecewise 
geodesic curve with the base point d approximating the zigzag curve 7' = 
7(0', C,S), 7' = lini7 p . Now for an arbitrary point x G 7, £ = 7(i), we have 
a; = lini7 p (t). We put x' = 7'(i) = lim7 p (i). Then for an arbitrary e > we 
have |x7 p (t)| < e, |a; / 'y' (t) | < e, and \xrj p (x)\ < e for sufficiently large p. The 
last estimate holds since limr/ p = id. Using \rj p {x)^' p {t)\ = \f] p {x)rj p o^ p {t)\ = 
|x7 p (t)|, we obtain 

\xx'\ < \xf] p (x)\ + \v P (xh'p(t)\ + W p {t)x'\ < 3e, 
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thus x = x', that is, 7 = 7'. 

For a general case, the point d = j(t) can be approximated by dyadic 
ones, t q — > t. Then respective piecewise geodesic curves j' Ptq with dyadic 
base points ^y(t q ) approximate pointwise the curve 7^ with the base point d 
for every p > 1. Thus 7' = 7 also in that case. □ 

Proposition 5.8. Every zigzag curve 7 C X u is either a geodesic and hence 
a Ptolemy line, or it degenerates to a point. More precisely, if"f = 7(0, C, S) 
for some base point o G X u and collections £ = {l±,...,lk} of oriented 
Ptolemy lines in X^, S = {s\, . . . ,Sk} of nonnegative numbers with s\ + 
■ ■ ■ + Sk > 0, then 7 is degenerate if and only if Y^i cti$i = for every 
oriented Ptolemy line I C X u , where = slope(/j, /), i = 1, . . . , k. 

Proof. We first show that for each o, d G 7 there is a midpoint x £ 7. 
By Lemma 15.71 and Lemma 15.61 homotheties 92 G r WjQ , ip' G r w o / with 
coefficient A = 1/2 both preserve 7, ^(7) = 7 = </?'(7). Then for x = 
<p(o') G 7 we have \ox\ = \oo'\/2 and similarly for x' = <f'(o) G 7 we have 
\x'd\ = \od\/2. Furthermore, the length of the segment of 7 between o, x 
is half of the length of the segment between o, o', L([ox] 7 ) = L([oo'] 7 )/2. 
Thus L([xo'] 7 ) = L([oo'] 7 )/2 by additivity of the length. Then L([x'o'] 7 ) = 
L([oo'] 7 )/2 = L([xo'] 7 ) and hence x' = x by monotonicity of the length, and 
x is the required midpoint. 

It follows that the segment of 7 between its any two points is geodesic. 
Since 7 is invariant under the nontrivial homothety (p G r w o , we see that 7 
is a Ptolemy line unless it degenerates to a point. 

If 7 is degenerate, then any Busemann function b : X w — > M. is constant 
along 7. By Lemma 15.5} we have ^jC^Si = for every oriented Ptolemy 
line I C X u , where «j = slope(/j,/), i = l,...,k. Conversely, if 7 is non- 
degenerate, then I = 7QR) is a Ptolemy line in X u by the first part of the 
proof, and the associated Busemann function b : X u — > R is nonconstant 
along /. By Lemma 15.51 we have b o 7(£) = fit for the canonical parameter- 
ization of 7 with [3 = YidiSi/ Si, on = slope(/j,/), i = l,...,k. Thus 

Ei«^^o. ^' □ 

Remark 5.9. Assume 71 is a piecewise geodesic curve (with finite number of 
edges) between different fibers in X w , 71(0) G F, 7i(si + • • • + s^) G F' , F / 
i 7 ', where si, . . . , Sf~ are the lengths of its edges. Then the respective zigzag 
curve 7 = lim7 p is not degenerate. This follows from 7(0) G F, 7(si + • • • + 
Sfc) G F' by construction of the approximating sequence 71, . . . , 7 P , • • • — > 7. 

Now, we compute a unit speed parameterization a zigzag curve 7 = 
7(0, £, 5) assuming for simplicity that the collection £ consists of mutually 
orthogonal Ptolemy lines. 

Lemma 5.10. Let C = {h, • • • ,lk} be a collection of mutually orthogonal 
oriented Ptolemy lines in X w , k-Llj for i ^ j, S = {s\, . . . , s^} a collection 
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of nonnegative numbers with Y2% Si = 1. Then for every o 6 X w the zigzag 
curve 7 = 7(0, C, S) is nondegenerate, for the Ptolemy line I = 7(M) we 
have 

slope(Z, li) = — Sj/A 

for every i = 1, . . . ,k, where A = yj^i s i> an d l°7(*)l = ^1*1 j * e / or ^ e 
canonical parameterization 1 1-> 7(t) 0/7. 

Proof. By Proposition 15.81 / = 7(R) is a Ptolemy line or it degenerates to 
a point. We put A = |cry(l)| > 0. Let b{, i = 1, . . . , k, be the Busemann 
function of normalized by 6j(o) = 0. By Lemma 15.51 

h 07(1) = y^slope(7j,^)sj = -Si 

j 

because the lines of C are mutually orthogonal. Since ^ = 1 there is i 
with Sj 7^ 0. Hence 7 is nondegenerate and A > 0. 

On the other hand, by definition of a, = slope(Z, li) we have b, o 7(1) = 
aj|o7(l)| = ajA. Thus c^A = — Si for every i = 1, . . . , k. 

Let b be the Busemann function of I normalized by 6(0) = and boj(t) < 
for t > 0. Then using again Lemma 15.51 and the symmetry of the slope, 
cti = slope(Zj, I), we obtain 

A 2 = A| 07 (l)| = -Abo 7 (1) = -A = Y, s l 

i i 



Thus slope(Z,Zj) = — Sj/A with A = yX)t s f- 

The shift n = rj^r^ : X u — > X w leaves I invariant and n o 7(1) = 
7(2) by construction of 7 = 7(0, C,S). Thus |o7(2)| = 2|o7(l)| = 2A. By 
Lemma 15.61 (p o 7(1) = 7(1/2), where <p S T w is the homothety with 
coefficient 1/2. Thus |o7(l/2)| = A/2. From this one easily sees that 

\o~ f (t)\ = \\t\ 

first for dyadic and then by continuity for all t 6 R. □ 
5.3 Orthogonalization procedure 

As usual, we fix u E X and a metric d of the Mobius structure with infinitely 
remote point uj. 

Proposition 5.11. There is a finite collection C±_ of mutually orthogonal 
Ptolemy lines such that for every x G X w the fiber F C X u through x of 
the fibration tt^ : X w — > B w is represented as F = r\i££ ± Hi, where Hi is the 
horosphere of I through x . 
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We first note that the cardinality of any collection of mutually orthogonal 
Ptolemy lines in is uniformly bounded above. 

Lemma 5.12. There is N G N such that the cardinality of any collection C 
of mutually orthogonal Ptolemy lines in is bounded by N , \C\ < N . 

Proof. We fix x G X u and assume W.L.G. that all the lines of C pass through 
x. On every line I G C, we fix a point at the distance 1 from x. Let A C X^ 
be the set of obtained points. By compactness of X and homogeneity of X w 
it suffices to show that the distance \aa'\ > 1 for each distinct a, a' E A. 
We have a £ I, a' £ I' for some distinct lines I, I' G C. Since slope(Z',Z) = 0, 
the lines I, I' are also orthogonal at the infinite remote point u> according 
Lemma 14.41 and Lemma 14.51 Thus in the space X x with infinitely remote 
point x, the Ptolemy line (l'Uu)\iC X x lies in the horosphere H of the 
line (Z U uS) \ x C X x through uj. By duality, see Lemma \2.12\ the point 
x G I is closest on the line I to any fixed point of V C X u , in particular 
\a'a\ > \a'x\ = 1. □ 

Next, we describe an orthogonalization procedure. 

Lemma 5.13. Let l\,...,lk be a collection of mutually orthogonal Ptolemy 
lines in X w , li-Llj for i ^ j. Given a Ptolemy line I C X u , through any 
o G X^ there is a zigzag curve 7 = 7(0, £, S), where C = {l\, . . . , Ik, 1} is an 
ordered collection of oriented Ptolemy lines, S = {si, . . . , s^+i} a collection 
of nonnegative numbers with s± + • • • + Sfc+i > 0, which is orthogonal to 
li,...,l k , 7(R) = k+i-Lli fori = l,...,k. Furthermore, if YX a l / l > 
where 014 = slope(/,/j), then 7 is nondegenerate, and lk+i is a Ptolemy line. 

Proof We fix an orientation of I and for every i = 1 , . . . , k we choose an 
orientation of k so that on = slope(Z,Zj) > 0, and put a := J2i a i — 0- 
For any zigzag curve 7 = 7(0, C,S) in X u , where C = {l±, . . . , Ik, I}, S = 
{s\, . . . , for i = 1, . . . , k and for the Busemann function bi of Zj with 

bi(o) = 0, by Lemma 15.51 we have bi o j(t) = flit for all i e I, where 

ft = {-Si + a i s k+ i)/(s 1 H h Sfc+i). Then putting Sj = i = 1, . . . , k, 

Sfc + i = we have s\ + . . . Sk+i = 1 and ft = for every i = l,...,k. 

Thus 7 is orthogonal to l\,...,lk, and it gives us a required Ptolemy line 
lk+i = 7O&) unless 7 degenerates. 

Let b be the Busemann function of Z with 6(0) = 0. By Lemma 15.51 we 
have bo 7(f) = /3t for all t G M with /3 = slope(Zj, Z)sj — s^+i- Using 
the symmetry of the slope, we see that slope(Zj,Z) = slope(Z,Zj) = Qj and 
thus P = af — 1)/(1 + a). If ^i a ? / 1? then this shows that 7 is 
nondegenerate. □ 

We say that a collection {Zi, . . . , Z^} mutually orthogonal Ptolemy lines 
in X w is maximal if there is no Ptolemy line in X w which is orthogonal to 
every l\, . . . , Ik- By Lemma 15.121 such a collection exists. 
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Lemma 5.14. Let {h, ■ ■ ■ ,lk} be a maximal collection of mutually orthog- 
onal Ptolemy lines in X w . Then every Ptolemy line I C X w can be repre- 
sented as a zigzag curve 7(0, C, S) with o G I for a collection C = {l±, . . . , l^} 
of oriented Ptolemy lines and a collection S = {si, . . . , s^} of nonnegative 
numbers with si + • • ■ + s& > 0. Furthermore, we have ^ of = 1, where 
cti = slope(£, li), i = 1, . . . , k. 

Proof. We apply the orthogonalization procedure described in Lemma 15.131 
to the collection Ci = ... ,1/^,1} and construct a zigzag curve 7; = 
Jl(o, Ci, Si), where Si = {si, . . . , Sk+i} is the collection of nonnegative num- 
bers described there. Since 7; of orthogonal to l\, . . . , Ik, we conclude from 
maximality of {l\, . . . , Ik} that 7; degenerates and moreover af = 1 by 
Lemma 15.131 

According to Remark 15.91 the ends of the piecewise geodesic curve jn 
with k+1 edges o\, . . . , au, cr on Ptolemy lines Busemann parallel to l\, . . . , Ik, I 
respectively with |<7j| = Si, i = 1, . . . , k, \a\ = Sk+i, lie in one and the same 
fiber (K-line) F C X w , that is, o = 7z,i(0) and x = 7;,i(s + Sfc+i) G F, where 
s = s% + - ■ - + Sk- Thus the reduced piecewise geodesic curve 71 = a%U- ■ -Uofc 
and the last edge a of 7^1 have the ends in the same fibers F, F' , where F' 
is the fiber through 7/,i(s) = 71 (s). 

Then the zigzag curve 7 = 7(0, C,S) is nondegenerate, where C = 
{li, . . . , Ik}, S = {si, . . . , Sk}, and it gives a Ptolemy line 7(E) C X^ though 
o which hits the fiber F' . Since the Ptolemy line V containing the segment 
a is Busemann parallel to I and intersects the fibers F, F' , the line 7(R) is 
Busemann parallel to /, see Lemma 15.31 Hence 7(R) = I by uniqueness, see 
Lemma 13.91 □ 

Lemma 5.15. Let C = {li, ■ ■ ■ ,lk} be a maximal collection of mutually 
orthogonal oriented Ptolemy lines in X u , S = {s±, . . . , Sk} a collection of 
nonnegative numbers with si + ■ ■ ■ + Sf. = 1, b, hi : X^ — > R the Busemann 
functions of the zigzag curve 7 = 7(0, C, S), Ptolemy line li with 6(0) = = 

bi(p) respectively, i = 1, . . . , k. Then Xb = ^ s,jbi, where A = s l- 

Proof. We denote by h = Xb — Sibi the function X^ — > R with h(o) = 0, 
which is an affine function on every Ptolemy line on X u . First, we check 
that h vanishes along l\, . . . , Ik (assuming that these lines pass through o). 
Indeed, £V S{bi(z) = Sjbj(z) for every z £ lj because k-Llj for i ^ j. Since b 
is a Busemann function of I, it is affine on L with the coefficient slope(^-, /), 
b{z) = — slope(Zj, l)bj(z). Using symmetry of the slope, we obtain 

slope(Zj,Z) = slope(/,Zj) = —Sj/X, 

see Lemma 15.101 Thus Xb(z) = Sjbj(z), and h(z) = 0. 

Next, we show that if h is constant on a Ptolemy line I, then it is con- 
stant on every Ptolemy line /' that is Busemann parallel to I (with maybe 
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a different value). By Lemma 13.101 we know that I, I' diverge at most sub- 
linearly, and also that h is affine on I 1 . Thus h\V cannot be nonconstant 
because h is a Lipschitz function on X u . 

It follows that h vanishes on every piecewise geodesic curve with origin o 
and with edges Busemann parallel to the lines 1%, . . . , Hence, h vanishes 
along any zigzag curve of type 7(0, C,S). Using Lemma T5.141 we conclude 
that h is constant along any Ptolemy line in X u . 

By Proposition ^. 61 every Ptolemy circle possesses a unique tangent line, 
which is certainly a Ptolemy line, at every point. Using standard approx- 
imation arguments, we see that h is constant along any Ptolemy circle in 
X u . By the existence property (E), every x G X w is connected with o by a 
Ptolemy circle. Thus h(x) = and Xb = J2i h- D 

Proof of Proposition \5. ll[ Let C± = {1%, . . . ,1/.} be a maximal collection 
of mutually orthogonal Ptolemy lines in X u . This means that we actually 
consider respective foliations of X u by Busemann parallel Ptolemy lines. For 
any x G X u , for the fiber F and for the respective lines from C± through 
x, we have by definition F C HjHj, where Hj C X u is the horosphere of lj 
through x. It follows from Lemma f5.14l and Lemma [5.15l that any Busemann 
function b : X u — > R with b(x) = is a linear combination of the Busemann 
functions b\, . . . , b^ of the lines l±, . . . , 1^ which vanish at x. Thus b vanishes 
on HjHj, and therefore F = CijHj, □ 

Proof the property (K). Given a fiber (K-line) F C X w and x £ X u \ F, we 
show that there is a Ptolemy line I C X u through x that hits F. Uniqueness 
of / is proved above just after Lemma 15.21 

Using Proposition 15. 11\ we represent F = C\i££ ± Hi, where C± is a fi- 
nite collection of mutually orthogonal Ptolemy lines, Hi a horosphere of I. 
Choosing appropriate orientations of the members of C±, we can assume 
that Hi = 6^(0) and bi(x) > for every I G C±, where b\ : X^ — > R 
is a Busemann function of /. Moving from x in an appropriate direction 
along a Ptolemy line, which is Busemann parallel to I G C±_ with bi(x) > 0, 
we reduce the value of b[ to zero keeping up every other Busemann func- 
tion bi>, V G C±, constant. Repeating this procedure, we connect x with 
F by a piecewise geodesic curve with at most \C±\ edges. Now, the zigzag 
construction produces a required Ptolemy line through x that hits F. □ 

5.4 Properties of the base B u 

We fix to G X and a metric d from the Mobius structure for which to is in- 
finitely remote. We also use notation \xy\ = d(x, y) for the distance between 
x, y G X u . 
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Lemma 5.16. Let ip : X w — > be a pure homothety with (p(o) = o, 
o £ X w . Then <p preserves the fiber (K-line) F through o, p{F) = F. In 
particular, every shift rj xx i : X^ — > X w with x, x' £ F preserves F. 

Proof. As in Lemma 13.131 we have Xb o ip = b for any Busemann function 
b : X w — > R with b(o) = 0, where A is the coefficient of the homothety (p. 
Since b(x) = for every x £ F, we see that bo(p(x) = 0, and thus p(x) £ F, 
that is, p{F) = F. The assertion about a shift rj xx / follows now from the 
definition of rj xx >. 

Lemma 5.17. Let r/ : X w — > X w be a shift that preserves a K-/ine F C X u . 
Then r\ preserves any other "K-line F' C X w . 

Proof. Let b : X u — > M be a Busemann function associated with an (ori- 
ented) Ptolemy line / C X w . Then for any isometry rj : X w — > X w the 
function b o r\ is a Busemann function associated with Ptolemy line t/ _1 (Z). 
Thus for an arbitrary shift r\ : X w — > X w , we have b o r/ = b + q,, where 
Cb £ M is a constant depending on b, because the line ?7 _1 (0 is Busemann 
parallel to /, hence the function b o -q is also a Busemann function of I, and 
thus the functions b, b o r/ differ by a constant. 

In our case, when r/ preserves a K-line, this constant is zero, q, = 0, thus 
b o r] = b for any Busemann function b : X w — > X w . Therefore, rj preserves 
any K-line. □ 

We define 

d(F, F') = inf{|xx'| : x £ F, x' G F'} 
for K-lines F, F' C X u . 

Lemma 5.18. Given ~K-lines F, F' C X w , and x G F, there is x' £ F' such 
that d(F, F') = \xx'\. 

Proof. Let Xi £ F, x\ £ F' be sequences with \xix'j] — > d(F,F'). Using 
Lemma I5.17| we can assume that Xi = x for all i. Then the sequence 
x\ is bounded, and by compactness of X it subconverges to x' £ F' with 
\xx'\ = d(F, F'). □ 

Lemma 5.19. For any "K-lines F, F 1 C X w , we have d(F,F') = \xx'\, 
where x = lnF,x' = lnF', and I is any Ptolemy line in X^ that meets 
both F, F' . 

Proof. By Lemma 15.31 the distance \xx'\ is independent of the choice of 
I. By definition \xx'\ > d(F,F'). By Lemma 15.181 there is x" £ F' with 
\xx"\ = d(F,F'). The horosphere H of (a Busemann function associated 
with) I through x' contains F', in particular, x" £ H. Then \xx"\ > \xx'\ 
and hence, d(F,F') = \xx'\. □ 
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Let k u : —> B u be the canonical fibration, see sect.[5j For b G B u , we 
denote by F\, = vrj 1 (6) the K-line over b. For b, b' G B u we put := \xx'\, 
where x = I D F^, x' = I fl Fy, and / C X^ is any Ptolemy line that meets 
both Fft and Fy. By property (K), such a line Z exists, by Lemma f5. 191 the 
number \bb'\ is well defined, and the function (b,b r ) \— > \bb'\ is a metric on 
B w . This metric is said to be canonical. 

Proposition 5.20. The canonical projection ir u : X^ —> B u is a 1-Lipschitz 
submetry with respect to the canonical metric on B^. Furthermore, B u is a 
geodesic metric space with the property that through any two distinct points 
b, b' G Bu there is a unique geodesic line in B u . 

Proof. It follows from Lemma 15.191 that the map ir^ is 1-Lipschitz. Let 
D = D r {o) be the metric ball in X u of radius r > centered at a point 
o G X u , D' C B u the metric ball of the same radius r centered at n LJ (o). 
The inclusion D' C n u {D) follows from the definition of the metric of B w . 
The opposite inclusion D' D tt w (D) holds because ir^ is 1-Lipschitz. Thus 
7r w : X w — > B^ is a 1-Lipschitz submetry. 

Furthermore, by Lemma 15.191 the projection ir u restricted to every 
Ptolemy line in X w is isometric, and thus by property (K), the base B u 
is a geodesic metric space. Moreover, it follows from (K) that through any 
two distinct points b, b' G B^ there is a unique geodesic line in B^. □ 

Corollary 5.21. For any homothety ip : X u —> X w , the induced map ir*(<p) : 
B w —7- B^ is a homothety with the same dilatation coefficient. □ 

Proposition 5.22. The base B w is isometric to an Euclidean M. k for some 
k > 0. 

Proof. Any Busemann function b : X u — > R is affine on Ptolemy lines by 
Corollary 13.191 By definition, b is constant on the fibers of ir u , thus it 
determines a function b : B w — > R such that b a tt u = b. This function 
is affine on geodesic lines in B w because every geodesic line I C B w is of 
the form I = n u (l) for some Ptolemy line I C X u , and each unit speed 
parameterization c : R — > X^ of I induces the unit speed parameterization 
c = 7r w o c of I. Then 6oc = 6o7r u oc = 6ocisan affine function on R. 

We fix a base point o G X u and a maximal collection C = {l\, . . . , 1^} of 
mutually orthogonal oriented Ptolemy lines of X u through o. Let b\, . . . , bk 
be Busemann functions of the lines li,...,lf. respectively that vanish at 
o. We denote by Ij the projection of U to B w , and by 6j : B w — > R the 
function corresponding to bi, i = 1, . . . , k. By Proposition [57TT], the functions 
b±, . . . ,bk separates fibers in X u . Thus the functions b\,...,bk separates 
points of Bu, that is, for each z, z' G B u there is i with bi(z) ^ bi(z'). 
Therefore, the continuous map h : B u — > R fc , h(z) = (pi(z), . . . ,bf.(z)) is 
injective. This map is surjective by the same argument as in the proof 
of the property (K), and it introduces coordinates on B^- We compute 
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the distance on B^ in these coordinates. Applying a shift if necessary, see 
Corollary I5.21|, we consider W.L.G. the distance \oz\ for every z G X u , 
where z = ir w (z). By (K) there is a unique Ptolemy line I C X w through 

that hits the fiber F z through z. It follows from our definitions that for 
oti = slope(i, li) we have bi(z) = cti\o~z\, i = l,...,k. By Lemma l5.14| 

Yli a 'i = 1) thus \oz\ 2 = Yli^ii^)- This shows that B w is isometric to an 
Euclidean We have k > 0, because there is a Ptolemy line in X u . □ 

This completes the proof of Theorem 13.41 

6 Lie group structure of and of K-lines 

Here we recover a natural group structure on every space X u , uj G X, which 
is a simply connected nilpotent group Lie. 

6.1 Groups of shifts 

Recall that by Lemma f3.13l a shift r/ : X u — > X^ is an isometry that preserves 
every foliation of X u by (oriented) Busemann parallel Ptolemy lines. Clearly 
the shifts of X^ form a group which we denote by N u . Then N w is a subgroup 
of the group AutX of the Mobius automorphisms of X. 

Lemma 6.1. Let V C X be a closed subset containing with every point 
z £ V , z ^ to', every Ptolemy circle through z and a fixed point uj' £ X (we 
assume that V contains at least two points). Then V = X. 

Proof. Assume there is oj G X \ V. Since V is closed, uj is contained in 
X \ V together with some its neighborhood. Then V is compact in the 
space X w . Thus the image V = iTu(V) C B^ under the canonical projection 
tt w : X u —7- B u is compact. By Proposition 15.221 B u is isometric to M fc for 
k > 1, thus we can find a hyperplane E C B u supporting to V at some point 
z G V, i.e. and V is contained in a closed half-space of B u bounded 

by E. Let I C B^ be a geodesic line through z that is transversal to E. We 
take z G V with tt w (z) = ~z, and let I C X u be the Ptolemy line through z 
with itw(P) = I- By Corollary 14.71 there is a (unique) Ptolemy circle a C X w 
through z and uj' that is tangent to I (note that I misses uj' since otherwise 

1 C V in contradiction with compactness of V .) By the assumption, a C V 
and thus W = 7r w (o") C V. This is a contradiction, because the curve a is 
tangent to I at z, and therefore a <£. V. □ 

Proposition 6.2. The group N u acts simply transitively on X u . 

Proof. Given x, x' G X u , the shift r\ xx i moves x to x', rj xx /(x) = x', by 
construction, see sect. 13.31 Thus N u acts transitively on X u . 

Assume that rj(x) = x for some shift rj : X^ — > X w and some x G X w . We 
denote by V the fixed point set of rj, rj{y) = y for every y G V (in particular, 
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co G V). We show that V = X. Note that every Ptolemy line I C X w , which 
meets V, is contained in V because the isometry 77 preserves every foliation 
of X^ by Busemann parallel Ptolemy lines. Applying Lemma [6. 11 we obtain 
V = X, and thus 77 = id, i.e. the group N w acts simply transitively on 
X u . □ 

We fix o G X^ and using Proposition 16.21 identify N u with X u by rj h- > 
77(0). Then N u is a locally compact topological group. 

An automorphism t : N u — > is said to be contractible if for every 77 G 
iV w we have lim n ^. 00 T n (r]) = id. If JV W admits a contractible automorphism, 
then Nu is also said to be contractible. 



Lemma 6.3. There is a contractible automorphism r : iV w — > N L 



Proof. We take any pure homothety ip : X u — > X u with <p(o) = o and with 
the coefficient A G (0, 1). Then we define t(t]) = ip o rj o i/? -1 . The map 
t/' = r(r/) : X w — >• X w is an isometry preserving every foliation of by 
Busemann parallel Ptolemy lines, i.e. rf is a shift, and it is clear that r is 
an automorphism of N u . 

For the sequence of shifts r/ n = T n (rj) we have rj n (o) = ip n o r/(o) — >• o 
as n — > 00. Thus ry n converges to a shift r/oo with 1700(0) = o, hence, 7700 = 
id. □ 

Corollary 6.4. The group is a simply connected nilpotent Lie group. 
In particular, the space X^ is homeomorphic to W 1 , and the space X is 
homeomorphic to the sphere S n with n = dimX . Furthermore, every metric 
ball B = B r (o) = {x G X w : \xo\ < r} in X w is homeomorphic to the 
standard ball in W n . 

Proof. The group N u is connected and locally compact because the space 
Xu is. By Lemma RT3l N u is contractible. Then by [Siebt Corollary 2.4] N u 
is a simply connected nilpotent Lie group. Thus X^ ~ M n . 

Let h\ : X w — > X^ be the pure homothety with coefficient A > centered 
at o G X u , h x (o) = o, ht = id. Then B = o U {h x (S) : < A < 1}, 
where S = dB = {x G X u : \xo\ = r}. This gives a representation int-B = 
oU{(x, A) : x G S, < A < 1}. Composing the homeomorphism g : [0, 1) — > 
[0,oo), g(X) = tan 4^ with the embedding f x : [0, 00) — > X u , f x (fi) = o, 
/x(A) = h\(x) for every x G S we obtain a homeomorphism F : int B — > X w , 
F(x,X) = fx o(A). Hence inti? is homeomorphic to X u ~ R ra and is 
homeomorphic to the standard ball in R n . □ 

We denote by Z u a subgroup in N u which consists of all shifts r\ G N u 
acting identically on the base B w , 7r*(?7) = id, where 7t*(t7) : B u — > B^ 
is the shift induced by the projection iTu : X^ — > B^, see Corollary 15.211 
Every 77 G preserves every fiber (K-line) of ir u , see Lemma 15.161 and 
Lemma 15.171 
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Proposition 6.5. The group Z w acts simply transitively on every K-/me 
F C X U} and thus it is a contractible, connected, locally compact topological 
group. Therefore, is a simply connected nilpotent Lie group, and F is 
homeomorphic to MP for some < p < n, k + p = n for k = dim B^. 

Proof. The group acts transitively on F by Lemma 15.161 The action is 
simply transitive by Proposition 16.21 We fix o G F and identify Z^ with F 
byijH- T](o). By the same argument as in Lemma [6.31 we see that the group 
Z^ is contractible. Furthermore, F is locally compact. Given x, x' G F, 
there is a Ptolemy circle a C X^ through x, x' . By (K), through any 
point z G a there is a uniquely determined Ptolemy line that hits F . This 
defines a continuous map a —> F '. Thus F is linearly connected. Hence, Z^ 
is a contractible, locally compact, connected topological group. By [Sieb, 
Corollary 2.4], Z w is a simply connected nilpotent Lie group, and thus F is 
homeomorphic to MP for some < p < n. In fact p < n because X contains 
Ptolemy circles and thus k = dim B u > 0, while n = k + p. □ 

6.2 Non-integrability of the canonical distribution 

Given o G X w , x G B w , by the property (K) there is a unique x G F^ = 
t^^ 1 {x) that is connected with o by a geodesic segment ox. The point x is 
called the lift of x with respect to o, and we use notation x = lift (x). This 
defines an embedding lift G : B^ — > X w with 7r w o lift D = id for every o G 
X w . We denote D Q = lift (B £J ). The embedding lift D is radially isometric, 
|olift (x)| = |7r(o)x| for every x G B^. Though there is no reason for lift as 
well as for the projection 7r w |D to be isometric, the map lift G is continuous 
which follows the uniqueness property of (K) and compactness of X. 

The family of subspaces D Q , o G X w , is called the (canonical) distribution 
on X u . We say that the canonical distribution T> = {D : o G X^} on X u 
is integrable if for any o G X w and any d G D a , the subspaces D a and D Q i 
of X^ coincide, D a = D i. For example, if the base B^ is one-dimensional, 
then the canonical distribution T> is obviously integrable. 

Proposition 6.6. The canonical distribution on X^ is integrable for some 
u) G X if and only if p = 0, i.e. every fiber of the projection 7r w is a point 
for every to £ X. In this case the space X is Mobius equivalent to M. n with 
n = dimX. 

Proof. Assume that the canonical distribution is integrable for some 
Since D z = D a for every o G X u and every z G D Q , every Ptolemy line in 
Xu through z is contained in D Q . By Lemma [6. 11 D L)oj = X. Hence p = 0, 
n = k, and X is Mobius equivalent to R n with n = dimX. Conversely, 
assume p = 0, and d G D Q C X u , w G X. Then by property (K) for every 
x G D ' there is a unique Ptolemy line in X^ through x that hits the fiber 
F Q = {o}. Hence D i C D'o, and similarly D Q C -D ') that is, T> is integrable 
for every uj G X. □ 
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Corollary 6.7. Assume p > 0, that is, fibers of the canonical projections 
n u , U) G X , are nondegenerate. Then the canonical distribution on X w is 
non-integrable for every uj G X . □ 

The next corollary follows immediately from Proposition 16.61 

Corollary 6.8. If the base B w of X^ is one- dimensional (this is independent 
ofu£X),thenp = OandX = R. □ 



6.3 Classification of 2-transitive actions and Theorem 11.11 

By Proposition 13.151 the group Aut X of Mobius transformations of X is 
2-transitive, see Remark 13.161 It is known from the Tits' classification of 
2-transitive actions that: 

If a topological group G, acting effectively and 2-transitively on a compact 
topological space X, which is not totally disconnected, is locally compact 
and a -compact (that is, G is a countable union of compact subsets), then 
G is a Lie group and X = G/G x is a smooth and connected manifold, 
homeomorphic to either a projective space, or a sphere S n . In the second 
case, G is isomorphic to the isometry group of a rank one symmetric space 
of non- compact type (up to a subgroup of index 2), 

see |Krl Theorems A, B and 3.3(a)]. Corollary 16.41 excluded the first possi- 
bility. Thus to complete the proof of Theorem 11.11 it would be sufficient to 
check that Aut A is locally compact and cr-compact, and that the Mobius 
structure of X is uniquely determined by the respective appropriately nor- 
malized symmetric space. However, from our point of view, this formal 
classification argument is not satisfactory. Instead, we give a direct, clas- 
sification free proof of Theorem 11.11 by showing how the symmetric space 
structure emerges from the Mobius structure. This is done in the next two 
sections. 



7 Extension of Mobius automorphisms of circles 

The main purpose of this section is to prove the the following extension 
property. 

(E2) Extension: any Mobius map between any Ptolemy circles in X extends 
to a Mobius automorphism of X. 

Proposition 7.1. Any compact Ptolemy space with properties (E) and (I) 
possesses the extension property (E12). 

The proof of this result is based on study of second order properties of 
Ptolemy circles like Lemma 17.51 
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7.1 Distance and arclength parameterizations of a circle 

In this section, we establish existence of a distance parameterization in a 
Ptolemy circle and study its relationship with an arclength parameterization. 
A distance parameterization is convenient to obtain an important estimate 
(J9j) below. On the other hand, in an application of this estimate we compute 
slops, and that is most convenient to do in an arclength parameterization. 

In what follows, we consider a (bounded) Ptolemy circle a C X w and 
points x, y G a with a := \xy\ > 0. 

Lemma 7.2. Let cr+, cr_ be the two components of a \ {x,y}. Then for 
all < t < a there exists exactly one point xf G cr+ (resp. x^ € 0-) with 
\xxf\ = \xxj\ = t. Therefore 7 : (—a, a) — > a with 7(0) = x, 7(f) = xf for 
t > 0, and 7(t) = xZt for t < parameterizes a neighborhood of x in a. 

Proof. The existence of a point xf G a + with \xxf\ = t is clear by continuity. 
To prove uniqueness consider points x < p < q < y in this order on <r+ and 
assume b := < a = \xy\. Let c := |xg|, A a := \pq\, Xb := A c := \py\. 
The Ptolemy equality and the triangle inequality give 

a\ a + b\ b = cX c < c(X a + Xb). 

Therefore 

c > - — —a + —b > b 

A a + Xb X a + Xb 

where the last equality holds, since a > b. In particular \xp\ 7^ \xq\. □ 

In what follows, we use the parameterization 7 : (—a, a) — > a of a neigh- 
borhood of x G <7, and call it a distance parameterization. 

Lemma 7.3. The function g(t) := |7(t)y| is concave and C 1 -smooth on 
(-a, a). 

Proof. For —a < t\ < ti < a the Ptolemy equality for the points x, j(t{), 
7(t 2 ), y implies 

t29(ti)-t 1 g(h) = o|7(ti)7(t 2 )|. 

Thus for —a < ti < ti < < a the triangle inequality 17(^1)7(^3)! < 
|t(*i)t(*2)| + |t(*2)7(*3)| implies 

hg{t 2 ) - t 2 g(h) + t 2 g{t 1 ) - t ig (t 2 ) > t 3 g{h) - t l9 (t 3 ) 
which is equivalent to 

g{t 2 )-g{ti) > g(h)- g(t 2 ) 



t 2 — h ts — t 2 

Therefore, g is concave. It follows, in particular, that g has the left g'_(t) 
and the right derivative g' + (t) at every t G (—a, a), g'_(t) > g' + {t) and 
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these derivatives are nonincr easing, g' + {t) > g'_(t') for t < t! . Furthermore, 
g'_(t) -)■ g'_{t') as t /• if, g' + (t') -)■ as t' \ t. These are standard well 

known facts about concave functions, see e.g. |H-UL| . 

We fix to S (—a, a) and consider the Ptolemy line I C X w tangent to 
o~ at xq = 7(to)- We assume that Z is oriented and that its orientation is 
compatible with the orientation of a given by the distance parameterization 
7. Let c : R — > X u be the unit speed parameterization of I compatible 
with the orientation, c(0) = xq. By Corollary 14.71 y ^ I. By Proposi- 
tion [3TTH the function g(s) = \c(s)y\, s £ R, is C 1 -smooth. If to = 0, then 
g'-{to) = ^f(O) = ff+C^o), because I is tangent to a at xq = x, and thus g is 
differentiate at to = 0. 

Consider now the case to 7^ 0. Then again by Corollary 14. 7^ x I, thus 
the function /(s) = |c(s)x|, s G R, is C 1 -smooth. We show that 4£(0) 7^ 0. 
We suppose W.L.G. that to > 0. Then for all t% £ (0, to) sufficiently close 
to to we have 4|(0) 7^ 0, where = |xic(s)|, x\ = 7(ti). We fix such a 
point t\, and using Lemma 17.21 consider the distance parameterization of a 
neighborhood of xo = 7(to) i n \z{r)x\\ = T f° r all z E a sufficiently close 
to xo- Then t = t(r) and the function /(r) = |ary o t(-r) | is concave by the 
first part of the proof. Since the functions f(s) = \xc(s)\, h(s) = |xic(s)| are 
C 1 -smooth, and ^(0) / 0, the function /(r) = / o /i _1 (r) is C 1 -smooth in 
a neighborhood of To = \x\Xo\ by the inverse function theorem. Therefore, 
/-( T o) = = /+( r o) because I is tangent to a at xq. The assumption 

^|-(0) =0 implies ^(to) = 0- By concavity, ro is a maximum point of the 
function /(r), and there are different r, r' arbitrarily close to ro with /(r) = 
/(r'). This contradicts properties of the parameterization 7(7") =70 t(r). 

Hence, g(0) + 0. 

Again, by the inverse function theorem, the function g(t) = g o f~ l {t) 
is C 1 -smooth in a neighborhood of to- However, (to) coincides with the 
left as well as with the right derivative of the function g at to because I 
is tangent to a at xq. Therefore, g is differentiable at to- It follows from 
continuity properties of one-sided derivatives of concave functions that the 
derivative g' is continuous, i.e., g is C^-smooth. □ 

Lemma 7.4. Every Ptolemy circle a C X w is rectifiable and 

L(xx') = \xx'\ + o(\xx'\ 2 ) 

as x' — > x in a, where L(xx') is the length of the (smallest) arc xx' C cr. 

Proof. We fix y £ a, y 7^ x, and introduce a distance parameterization 
7 : (—a, a) — > a of a neighborhood of x = 7(0) in a. Rescaling the metric 
of X w we assume that a = \xy\ = 1 for simplicity of computations. We use 
notation d(z,z') = \zz'\ for the distance in X u , and \zz'\ y for the distance 
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in X y , assuming that 

\ZZ \y 



\zz'\ 



\zy\\z'y\ 

is the metric inversion of the metric d. 

Recall that a \ y is a Ptolemy line in X y . Thus for a given r E (0, 1), 
and for every partition = to < ■ ■ ■ < t n = r we have 

i 

where A = max{g 2 (i) : < t < r}, = |7(i)y|, x r = 7(r). Hence 
a is rectifiable and L(xx r ) < A\xx r \ y . Moreover, using |'y(*i)'y(*«-+-l) I = 
g(ti)g(t i+1 )\j(ti)j(ti +1 )\y, we actually have 

rr/g(r) 

L(r) = L(xx r ) = I g 2 (s)ds, 
Jo 

where g(s) = got(s) with s = g (o)g(t) = Vs(^)* R- ecan that the function g(t) 
is C 1 -smooth by Lemma 1731 Then ds = ~ dt and || = g (Jj-tg'(t) ' ™ 

particular, ^(0) = 1. 

Using developments g(s) = 1 + ^§(0)s + o(s), g 2 (s) = 1 + 2^|(0)s + o(s), 
we obtain 

L{r) = ^ r - + ^)^ r +o(r% 
g(r) ds g 2 (r) 

where f (0) = </(0)g(0) = 5 '(0). Since ff (r) = 1 + </(0)r + o(r), g 2 {r) = 
1 + 2</(0)r + o(r), we finally have 

L(r) = r(l - s'(O)r) + c/(0)r 2 (l - 2#'(0)r) + o(r 2 ) = r + o(r 2 ). 

Hence L(xx') = \xx'\ + o(|xx'| 2 ) as x' — > x in a. □ 

Lemma 7.5. Assume that a (bounded) oriented Ptolemy circle a C X^ has 
two different points in common with a Ptolemy line I C X u , x, y E a D I, 
and the line I is oriented from y to x. Let o+ C a be the arc of a from 
x to y chosen according to the orientation of a. Let xt, yt be the distance 
parameterizations of neighborhoods of x, y respectively such that xt, yt £ f+ 
for t > 0, \x t x\ = t = \yty\- Furthermore, let 6 ± : X^ — > R be the opposite 
Busemann functions of I normalized byb + {x) = 0, b + {y) = —a, b~(x) = —a, 
b~(y) = 0, where a = \xy\. Then 

b + {x t ) + b-{y t )<2at--{l-a 2 )t 2 (9) 

a 

for all t > in the domain of the parameterizations, where a = slope(cr, I). 
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Proof. By Lemma [73] the functions g(t) = \xty\, f(t) = \ytx\ are C 1 -smooth 
and concave. Furthermore, their first derivatives at 0, </(0) and /'(0), coin- 
cide with first derivatives of the distance functions to the respective tangent 
lines, g'(0) = g'(0) and /'(0) = /'(0), where g(s) = \c x (s)y\, f(s) = \c y (s)x\, 
and the unit speed parameterizations of the tangent lines l x to ex at a; and 
l y to a at y are chosen compatible with the distance parameterizations xt, 
y t so that c x (0) = x, c y (0) = y. 

Using that / is oriented from y to x, and <r+ from x to y and applying 
equation ([5]), we find g'(0) = slope^, I). By the same equation ((5]) we 
have /'(0) = slope(/y, — I) = — slope(/y, I). The sign —1 appears because the 
orientation of I from x to y is opposite to the chosen orientation. Note that 
the orientation of l x is compatible with that of cx, while the orientation of 
l y is opposite to that of a. Therefore, g'(0) = a = slope(<r, I) and /'(0) = 
— slope(/ y , /) = slope(<r, I) = a. 

Using concavity we obtain g(t) < g(0) + g'(0)t = a + at and similarly 
f(t) < a + at for all < t < a. The Ptolemy equality applied to the ordered 
quadruple (x,x t ,y t ,y) C a gives g(t)f(t) = t 2 + a\x t y t \, hence 

\x t yt\ <a + 2at--(l- a 2 )t 2 . 
a 

Let , be the horospheres of b + , b~ through xt, yt respectively, 
xt G , y t G HfT . Since X is Busemann flat, see Proposition 13.181 
is also a horosphere of b~ and Hf is a horosphere of b + . Thus \xtyt\ > 
\b + (xt) — b + (yt)\ := £ because Busemann functions are 1-Lipschitz. On the 
other hand, £ is the distance between the points I n i? t + , / n Hf , and thus 
^ = a + b + (x t ) + b~{y t ). Therefore, 

b+(x t ) + b-(y t ) < 2at - -(1 - a 2 )t 2 . 

a 

□ 

7.2 Proof of the extension property (E 2 ) 
Here we prove Proposition 17.11 

Lemma 7.6. Any Mobius automorphism of any Ptolemy circle a C X 
preserving orientations extends to a Mobius automorphism of X. 

Proof. We represent a as the boundary at infinity of the real hyperbolic 
plane, a = <9ooH 2 , so that the Mobius structure of a induced from X is 
identified with the canonical Mobius structure of H 2 . Then the group 
Aut CT X of preserving orientations Mobius automorphisms of a is identified 
with the group of preserving orientations isometries of H 2 . The last is gen- 
erated by central symmetries, and any central symmetry of H 2 induces an 
s- inversion of a. Thus Auto- X is generated by s-inversions of a. 
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Now, any s-inversion of a can be obtained as follows. Take distinct cj, 
uj' G a and a metric sphere S C X between uj, ui'. Then an s-inversion 
(f = (p uu i s : X —> X restricts to an s-inversion of a. Thus any Mobius 
automorphism of a from Aut CT X extends to a Mobius automorphism of 
X. □ 

The group AutX of Mobius automorphisms of X is non-compact: a 
sequence of homotheties of X w with coefficients Aj — > oo and with the same 
fixed point has no converging subsequences. However, we have the following 
standard compactness result. 

Lemma 7.7. Assume that for a nondegenerate triple T = (x,y,z) C X 
and for a sequence (pi G AutX the sequence = <pi(T) converges to a 
nondegenerate triple T' = (x' , y' , z') C X. Then there exists tp G Aut X with 
<p(T) = T>. 

Proof. For every u G X\T the quadruple Q = (T, u) is nondegenerate in the 
sense that its cross-ratio triple crt(Q) = (a : b : c) has no zero entry. Since 
CTt(ipi(Q)) = crt(Q), any accumulation point u' of the sequence u« = ipi(u) 
is not in T' . Thus for the nondegenerate triple S = (x,y,u) any sublimit 
S' = (x',y',u') of the sequence Si = tp(S) is nondegenerate. Applying the 
same argument to any v G X\S, we observe that the sequences Ui,V{ = ipi(v) 
have no common accumulation point. This shows that any limiting map ip of 
the sequence (p^, obtained e.g. by taking a nonprincipal ultra-filter limit, is 
injective, and hence it is a Mobius automorphism of X with ip(T) = T'. □ 

Proposition 7.8. Assume I / 1, Then the group of Mobius automor- 
phisms of X acts transitively on the set of the oriented Ptolemy circles in 
X . In particular, for any oriented circle a C X there is a Mobius automor- 
phism ip : X — > X such that <p(cr) = a and (p reverses the orientation of 
a. 

Proof. We fix an oriented Ptolemy circle a C X and distinct points x, y G a. 
For an oriented circle oq C X we denote by A the set of all the circles (p(o~o), 
ip G AutX, with the induced orientation which pass also through x and y. 
Let 

a = inf{ slope (<7, <r') : a' G A}. 

By two-point homogeneity property, see Proposition 13.15] A ^ 0. Applying 
Lemma [7.71 we find a' G A with slope(<r, a') = a. Next, we show that a < 1. 
Since I/R, there is a shift which makes do disjoint with a. Taking a point 
uj G o"o as infinitely remote, we consider all Ptolemy lines in X u which are 
Busemann parallel to oq \ oj and intersect o. Since a is bounded in X u , at 
least one of them, I, is not tangent to a. Then slope(cr, I) < 1. This I can be 
obtained from o~q \qj by a shift. Applying another shift to / in the space X^i 
with uj' G adl (this does not change the slope), we can assume that x G aHl. 



44 



Repeating this in the space X x , we find a £ A with slope(a, a) < 1. Thus 
a < 1. 

We show that a = — 1. Then a = </?(cro) as oriented Ptolemy circles for 
some ip G Aut X, which would complete the proof. 

Assume that a > —1. The points x, y subdivide each of the circles a, 
a' into two arcs. We choose an arc 0+ C cr leading from x to y according 
to the orientation of a, and an arc <j' + C a' leading from y to x according 
to the orientation of a'. Taking a point oj G a' inside of the opposite to a' + 
arc, we see that I = a' \ oj is a Ptolemy line in the space X u oriented from 
y to x. 

Given x' G <r+, for every Ptolemy line l x > C X w through x' , which is 
Busemann parallel to I and is oriented as I, we have slope(<r, l x r) > a by the 
definition of a, because by the same argument as above l x > can be put in 
the set A without changing the slope. 

Let 6 ± : X w — > R be the opposite Busemann functions of I normalized 
by b + (x) = 0, b + {y) = —a, b~(x) = —a, b~(y) = 0, where a = \xy\. Using 
Lemma 17.41 we consider for a sufficiently small e > arclength parameteri- 
zations c x , c y : (— s, e) — >• <r with c x (0) = x, c y (0) = y, c x (s), c y {s) G cr + for 
s > 0, of neighborhoods of x, y respectively in a. Since Busemann functions 
on X w are affine and hence differentiable along Ptolemy lines, and since the 
derivative db+ d ° Cx (s) coincides with the derivative of b + along the tangent 
line to a at c x (s), we have 

db + o c x 

— — — (s) = slope(cr,/ Ci(s) ) > a. 

For a sufficiently small t > let xt G <r + be a point at the distance t 
from x, \xtx\ = t, x± = c x (t) for some r = r(t). By integrating we obtain 
b + (xt) > aL(xxt) > at. A similar argument shows that b~{yt) > at, where 
?/t = c y {T r ) for some t' = r'(i), |yy t | = Therefore, b + {xt) + b~(y t ) > 2at. 
This contradicts the estimate Q of Lemma 17.51 Thus a = — 1. □ 



Proof of Proposition \7.1\ Given a Mobius map tp : a — > a' between Ptolemy 



circles a, a' C X, we choose orientations of a, a' so that ip preserves the 
orientations. By Proposition 17.81 there is <p G AutX with (p(o~) = a' pre- 
serving the orientations. Then (p~ l o tp : a — > a preserves the orientation of 
a, and hence it extends by Lemma l7.6l to ip' G Aut X, ip'\o~ = o tp. Then 
ip o ip' g Aut A is a required Mobius automorphism. □ 



8 Filling of X 

We assume that a Mobius space X satisfies the assumptions of Theorem ll.il 
and furthermore that dim A > 2, since in the case dim A = 1 the space X 
is Mobius equivalent to R = <9oo H 2 . 
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8.1 Basic facts 



We introduce the notion of a strict space inversion, or an ss-inversion for 
brevity. A space inversion p a : X — > X, a = (u),oj',S), is said to be strict, 
if for any x, x' G X with p a {x) = x' there exists a sphere T between x, x' 
such that p a = Pb, where b = (x, x' , T). 

The following lemma is a modification of Lemma [ 



Lemma 8.1. Let ip : X — )■ X be a Mobius involution, ip 2 = id, of a Ptolemy 
space X with (p(oj) = uj' for distinct oj, uj' G X . Then there is a unique 
sphere S C X between uj, uj' invariant for p, p(S) = S. 

Proof. Let d be a metric of the Mobius structure with infinitely remote point 
uj' . Since ip(uj) = uj' , the point uj is infinitely remote for the induced metric 
ip*d. Thus for some A > we have 

{ip d)(x,y) - 



d(x, oj)d(y, uj) 

for each x, y G X which are not equal to uj simultaneously. We let S = 
Sf(oj) C X be a metric sphere between uj, uj' with r 2 = A, d(x,uj) = r for 
every x G S. Then 

d{ip(x),uj) = d(ip(x),ip{uj')) = (ip* d)(x,uj') = X/d(x,uj) = r 

for every iGS. Hence <p(S) = S. For any x G X with d(x,uj) ^ r the same 
argument shows that d(p(x), uj) ^ r, thus an invariant sphere between oj, uj' 
is unique. □ 

Proposition 8.2. Every s-inversion <p : X — >• X is strict. 

Proof. Let <p = p a for a = (uj,uj',S) and assume that (p a (x) = x ' for some 
x, x' G X. By Lemma 18.11 there is a unique sphere T between x, x' with 
(p a (T) = T. We put b = (x, x' , T) and consider the s-inversion (p^ : X — > X. 
Then the s-inversions p a , ifb both permute x, x' and preserve the sphere 
T. In addition, p^ preserves every Ptolemy circle through x, x'. We show 
that p a also preserves every Ptolemy circle through x, x'. This would imply 

= Pa by uniqueness from the property (I), i.e. that p is strict. 

Let D = D x i C X x be the fiber through x' of the canonical distribution 
on X x , that is, D consists of all Ptolemy lines in X x through x' . Since pb 
preserves every Ptolemy circle through x, x', the intersection T n D is ipb- 
invariant, ipb(T Pi D) = T n D, and moreover y, x', Pb{y) lie on a Ptolemy 
line through x' in this order for every y G TDD. Thus pb\T(~)D induces the 
antipodal involution p b : S r (o) — > S r (o) of the sphere S r (o) C B x of radius 
r centered at o = tt x (x') in the Euclidean space B x , where r is the radius of 
the sphere T in the metric of X x , T = {y G X x : \yx'\ = r}. In particular, 
Tp b is an isometry of S r (o). 
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On the other hand, the composition [i = ip a o (pj, : X — > X preserves 
x, x' and T, hence \i : X x — > X x is an isometry. Thus it projects to an 
isometry Jl : B x — > B x of the base. Since ip a = \i o tp b and both fi, (p b 
project to isometries of S r (o), we see that (p a \Tr\D projects to an isometry 

= ~fi °f S r (o). Moreover, Tp a is an involution, Tp\ = id, because tp a 
is. However, every isometric involution of S r (o), obviously, preserves every 
pair of antipodal points. This means that ip a preserves every Ptolemy circle 
through x, x'. □ 

The set Y of all the s-inversions is called the filling of X, Y = FillX. 
Any pair co, oj' € X of distinct points determines a line in Y: a point t 6 F 
lies on a line (oj,oj') iff t(oj) = oj' . In particular, two lines (u;,u/), (x,x') in 
Y intersect if there is t € Y such that t{uj) = oj', t{x) = x' . 

The Mobius group of X naturally acts on Y by conjugation: for every 
Mobius automorphism g : X — > X we have 

9*(i) =gotog- 1 

for the induced g* : Y — > Y. In particular, £ G 7 is fixed for g* iff got = tog. 
The following lemma describes the upper half-space model of FillX. 

Lemma 8.3. For a fixed oj £ X and every t £ FillX there exist a uniquely 
determined sphere S between oj, t(oj) such that t = (ff, for b = (oj, t(oj), S). 
Thus for a fixed metric on X w , the space Y = Fill X is canonically identified 
with Y = X^ x M + by t = (t(oj),r), where r > is the radius of the sphere S. 
In particular, Y is a smooth manifold diffeomorphic to M n+1 , n = dimX. 

Proof. By Proposition 18.21 there is a uniquely determined sphere S between 
oj, oj' = t(oj) with tp h = t, where b = (oj,oj',S). Thus Y = X^ x R + . By 
Corollary the group N u acting on X u simply transitively is a Lie group 
diffeomorphic to W 1 . Therefore, Y is a smooth manifold diffeomorphic to 
R n+1 . □ 

Lemma 8.4. Assume a space inversion s G FillX has representations s = 
Pa = for a = (oj,oj',S), b = T), where S, T C X are spheres 

between oj, oj' and £ ; £' respectively. Then the intersection S n T is not 
empty, S n T ^ 0. 

Proof. The intersection S n T is not empty (and invariant under s) because 
the spheres S, T are invariant under s, connected (see Corollary I6.4p . and s 
has no fixed point in X, thus it permutes the components of X \ S (as well 
as those of X \ T) . □ 

8.2 Lines in the filling 

We let Y = FiRX. 
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Lemma 8.5. Every line 7 = (a, a') C Y is homeomorphic to R. 

Proof. By definition, 7 = {i 6 7 : t(a) = a'}. In the upper half-space model 
Y = X a x R + , we have 7 = {a'} x R + ~ R because every sphere S C A w 
between a and a' is centered at a'. □ 

Proposition 8.6. Through any two distinct point s, t G Y there is a unique 
line 7 = (a, a') C Y. 

For a fixed t G Y we define a map /i : Y — > Aut X by s > h s = s o t : 
A ^ A. Note that h t = id. We put Y t = Y \ t and 

A = {s G Yt : s and i have a common pair of antipodal points in X}. 

An equivalent definition is 

A = {s G Yt : /i s has a fixed point in X}. 

Lemma 8.7. The set Yt is connected, and A C Yt is nonempty and closed 
in Yt. 

Proof. We fix oj G X and a metric of the Mobius structure on X u . Then 
by Lemma 18.31 we have an upper half-space model Y = X w x R + . By 
Corollary 16.41 X u is homeomorphic to R n with n > 1. Thus Y is connected. 

We have t = (a, R) G A w x R + , where R is the radius of the t- invariant 
sphere St C X^ between a and uj, St = {x G X w : |xa| = R}. Then for 
every s = (a, r) £ 7, r / i?, the composition h s = s o t : X^ — > X^ is a 
nontrivial pure homothety with h s (a) = a, see Proposition 13.61 Thus s £ A, 
and ^4 is nonempty. 

Assume linij Sj = s G Y for a sequence Sj G j4. For every i there is G A" 
with Sj o t(ai) = ai. Since A is compact, the sequence Oj subconverges to 
a G A. We put u> := £(a). Then t = (a,R) for some R > in the upper 
half-space model Y = A w x R + . We also have s = (b,r) G A w x R + . To 
prove that s £ A it suffices to show that b = a. We have Si = (bi,r,j) with 
hi — > b, T{ — > r. Note that Sj(aj) = t(aj) — > w, i.e. the sequence Sj(aj) tends 
to infinity in the space X w . But if b ^ a, the sequence bi is separated from a, 
and since rj < 2r, the sequence Sj(aj) is bounded in X u , \si(ai)b\ < Ar 2 /\ab\ 
for all sufficiently large i. This contradiction shows that s € A and thus A 
is closed in Y t . □ 

Lemma 8.8. A = Y t . 

Proof. In view of Lemma [8 .7\ it suffices to check that A is open in Y- If not; 
there is sequence C 3 Si — > s £ A, C = Yt\A. Then s, t have a common pair 
o, u) of antipodal points in A, s(o) = t(o) = u, and h s = sot : X u — > X w is 
a pure homothety with coefficient A / 1 centered at o, /i s (o) = o. We can 
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assume W.L.G. that < A < 1. By definition, hi = h Si : X — > X has no 
fixed point in X for every i. 

Let B = B r (o) C X u be a metric ball centered at o, B r (o) = {x £ X w : 
\xo\ < r} for some r > 0. Then h s {B) C m.tB. Since hi — > h s as i — > oo 
in the Mobius group of X, one easily checks that hi(B) C B for every 
sufficiently large i. By Corollary 16.41 B is homeomorphic to the standard 
ball in W 1 . Thus hi has a fixed point in B for all sufficiently large i. This 
contradicts the assumption Si G C. Hence A = Yf. □ 

Proof of Proposition \8.6l By Lemma 18.81 the space inversions s, t : X — > X 
have a common pair (a, a') of antipodal points, s(a) = a' = t(a). It means 
that the line 7 = (a, a') C Y" passes through s, t. 

Assume there is another line 7' = (b, b') through s, t. Then a, a', b, b' 
are fixed points of the composition h = s o t. In particular, h acts on X a as 
a homothety with coefficient A / 1. But any such homothety of X a has a 
unique fixed point. Thus we have W.L.G. b = a, b' = a', that is, 7 = 7'. □ 

8.3 Distance in the filling 

Let Y = Fill X be the filling of X. Given a line 7 = (u, u') C Y and points 
s, t E 7, let 5, T C X be spheres between uj, u' such that s = ip a , t = ifb 
for a = (lo,lo',S), b = (uj,uj',T). We pick x £ S, y £ T and set 

p(s,t) = I ln(w,x,y,w')|, 
where (uj,x,y,uj') = Nh F^rj is the cross-ratio of the quadruple (u, x,y,u'). 

I '*'*»« I " I I 

This definition of the distance p in Y is independent of the choice x £ S, 
y £ T. Indeed, let r > be the radius of the sphere S (centered at uj') 
w.r.t. a metric in X u , and R the radius of the sphere T. Then (uj, x, y, uj') = 
\xu'\/\yuj'\ = r/R and p(s,t) = \\n(r/R)\. It follows from Proposition 18.61 
that p(s, t) > is well defined for each distinct s, t £ Y, and we set p(s, s) = 
for every s £Y. Furthermore, the distance p is symmetric, p(s, t) = p(t, s). 
However, it is not at all obvious that it satisfies the triangle inequality. 
Nevertheless, the Mobius group of X acts on Y via conjugation, see sect. 18.11 
by /9-isometries because Mobius transformations preserve the cross-ratio. 

Lemma 8.9. Every line 7 = (a, a') CY is a p-geodesic, 

p{si,s 3 ) = p(si, s 2 ) + p{s 2 , S3) 
for any s\, S2, S3 £ 7 in this order. 

Proof. By Lemma 18.51 7 = { a '} x ^+ i n the upper half-space model Y = 
X a x R + . Thus Si = (a' , r^), and we assume W.L.G. that 77 < r 2 < r%. Then 
p(si, Sj) = In ^ for i < j. Hence, the claim. □ 
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8.4 Embeddings of H 2 into Fill X 

Proposition 8.10. For every Ptolemy circle a C X the set 

Y a = {s G Y = FiRX : s(cr) = a} 
is p-isometric to the hyperbolic plane H 2 . 

Proof. We fix uj G a and show that in the upper half-space model Y = 
x R + the set Y a coincides with a u x R + , where cr w = a \ {uj} C X w is a 
Ptolemy line. Indeed, every s G V of type s = (o, r) with o G cx w preserves a 
because s permutes o, uj G a, i.e. o w x R + C Y CT . In the opposite direction, 
we have o = G cr w , thus s = (o, r) G x R + for some r > 0. 

Since s, t £ Y a preserve a, we have o, uj G cr for the line (o, w) C Y 
through s, t. Then the p-distance between s, t can be computed in the upper 
half-space model X u x R + as p(s,t) = \ ln^|, where s = (o, r), t = (o,R). 
But we have exactly this formula in the upper half-space model for H 2 . 
Therefore Y a = a w x M + is p-isometric to H 2 . □ 



8.5 Semi-norm on the tangent bundle to the filling 

Recall that Y = Fill X is a smooth manifold, see Lemma 18.31 and thus 
the tangent space T S Y to Y is well defined for every s G Y. For every 
a £ X the line (a, a') C Y, a' = s(a), passes through s by definition. Then 
the speed vector v = dh{-^) at r = of some smooth parameterization 
h : R — t- Y, h(0) = s, of the line (a, a') is tangent to Y at s, u G T S Y. 
This defines a map / : X — > S S Y to the space S S Y of oriented directions in 
T S Y, which is continuous (to see the continuity one should think of the line 
(a, a') C Y through s as the set of homotheties r aj0 / C Aut X by composing 
every s' G (a, a') with s). By Proposition 18.61 the set of directions A C S S Y 
tangent to the lines (a, s(a)), a G X, is dense in S^Y. Then ^4 = 5 S Y 
because X is compact and hence the set A = f(X) is closed in S S Y. 

Thus any nonzero vector v G T S Y is tangent to a line (a, a') in Y through 
s, where a = a(v), a' = s(a) G X. We assume that s = h(0) for some smooth 
parameterization h : R — )■ Y of the line (a, a') with w = dh(4p) = dh/dr. 
Then the formula 

Hvll := lim - — -p(h(T),s) 
t^o |t| 

defines a semi-norm on T S Y, because it follows from the definition that 
ds(v) = —v and || — v\\ = \\ds(v)\\ = \\v\\. The semi-norm ||«|| is called the 
p-semi-norm. 

For example, in the upper half-space model Y = X a i x R + , we have 
s = (a, u) for some u > 0. Consider a parameterization h = h a : R — > Y 
of the line (a, a') with /i(0) = s given by h(r) = (a,ue aT ) for some a > 0. 
Then 

||dtydr|| = lim— p(h(r + 6),h(r)), 
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and we have p(h(r), h(r + 5)) = | ln(i?/r)| for R = ue a ^ T+s \ r = ue aT . Thus 
||<i/i/<iT|| = q for every r£K, and h is a constant p-speed parameterization. 
There is a > such that v is a speed vector of h = h a , hence \\v\\ = a. 

We identify the direction space S S Y with the p-unit sphere, S S Y = {v E 
T S Y : = 1}. 

Lemma 8.11. For every s £Y the stabilizer of s in the p-isometry group 
ofY acts transitively on the p-unit sphere S S Y C T S Y . 

Proof. Given v, v' £ S S Y we let (a, a'), (b,b') C Y, a, b £ X, a' = s(a), 
b' = s(b), be the lines through s with tangent vectors v, v' at s respectively. 
There are Ptolemy circles a, a' C X through a, a' and b, b' respectively. The 
subspaces Y a , Y a > C Y isometric to H 2 contain s and their tangent spaces H a , 
H a i C T S Y contain v, v' respectively. There is a (uniquely determined up to 
the reflection in the line (a, a') C Y a ) Mobius automorphism ip : a — > a' with 
<p{a) = b, <p(a') = b' such that its extension to Y a is an isometry <p : Y a — > Y a > 
with <p(s) = s. Then d(p(v) = v' . 

By Proposition 17. 1\ the space X possesses the extension property (E2), 
which implies that ip : a — > a' extends to a Mobius p : X — > X and therefore 
to a p-isometry ip : Y — )■ Y with p(s) = s. Thus the stabilizer of s in the 
/9-isometry group of Y acts transitively on S S Y. □ 

Proposition 8.12. For every s € Y , the p- semi-norm on the tangent space 
T S Y is an Euclidean norm. 

Proof. Let B C T S Y be the p-unit ball centered at 0. We first show that 
B is convex and, hence, the p-semi-norm is a norm. Since > for 
every nonzero v £ T S Y, B is compact and thus there is a supporting affine 
hyperplane H C T S Y, i.e. H touches B such that B is contained in one 
of half-spaces determined by H. By Lemma 18. 11\ every boundary points 
of B possesses this property and thus B coincides with the intersection of 
half-spaces, i.e. B is convex. 

With the transitivity of the isometry action, it is well known that then B 
is an ellipsoid and hence the p-norm is an Euclidean one. (We briefly sketch 
the argument. It is well known that every isometry of T S Y is affine. Hence, 
the group K of linear automorphisms of T S Y that fix and preserves B 
acts transitively on dB. Fixing a background Euclidean metric on T S Y, we 
find the Lovner ellipsoid L inscribed in B, that is, the ellipsoid of maximal 
volume. This ellipsoid is unique and invariant under K. Thus B = L). □ 

Corollary 8.13. The filling Y = FillX is a rank one symmetric space of 
non- compact type w.r.t. the metric p such that dooY = X. 

Proof. The Riemannian metric on Y obtained in Proposition 18. 121 is smooth 
because the isometry group of Y, which acts transitively on Y, is a Lie 
group. Therefore Y is a Riemannian symmetric space of non-compact type. 
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We check that there is no Euclidean geodesic plane E C Y, dimE = 2. 
Assume that Y contains such an E. By Proposition 18,61 f° r each distinct s, 
t G E there exists a line 7 = (a, a') through s, t. Then 7 C E is invariant 
for h = sot and h(a) = a, h(a') = a! . For any u G E the line 7' = u{^f) C -E 
is parallel to 7 because « acts on £ as a central symmetry. However every 
line 7' C E parallel to 7 is also invariant for h, h(j') = 7'. Thus 7' = (a, a') 
because a, a' are only points in X fixed by h. By Lemma 18.51 the line 
(a, a') C Y is homeomorphic to R and uniquely determined by the end 
points a, a'. Hence 7' = 7, and u preserves 7, 7/(7) = 7. Then u G 7 by 
definition. This is a contradiction because dimE" = 2 and £^7. It follows 
that the sectional curvatures of Y are negative. Then the Gromov boundary 
dooY coincides with the geodesic boundary of Y which is X by definition of 
geodesic lines in Y . Thus d^Y = X. □ 

8.6 Horospheres in the filling 

In this section we show that the Riemannian distance p on the filling Y = 
FillX induces the initial Mobius structure of X. 

By Proposition 18 . 1 8l the Riemannian metric associated with the distance 
p has negative sectional curvatures. Thus every parabolic isometry of Y 
preserving uj G X leaves invariant every horosphere in Y centered at uj. 
For example, the group N u of X^-shifts acts on Y by parabolic isometries 
preserving u. 

We fix uj G X and a metric \xy\ = \xy\ w on X w . Let Y = X w x M + be 
the respective upper half-space model of the filling Y. Every space inversion 
t G Y is represented as t = (t(uj),r t ) G X w x R + , where r t > is the radius 
of the i-invariant sphere between t(cv) and uj. Since the group N u acts on 
X^ by isometries, it leaves invariant every set H r = X u x {r} C Y. 

Let b : Y — > M be the Busemann function associated with a geodesic 
ray j a = {a} x [R,oo) C X^ x R + , b(s) = for s = (a,R) G Y. Then 
b(t) = ±p(s,t) = ln^r for every t = (a, rt) G Y. By the remark above, the 
horosphere 6 _1 (r) of b is iV w -invariant, thus 6~ 1 (r) = H r for every r G R 
because N u is transitive on X u . It follows that any function b : Y — > R of 
type 

b(t) =ln- 

n 

for £ = (i(u;),r t ), R > 0, is a Busemann function in the upper half-space 
model Y = X w x R + centered at w. 

Lemma 8.14. Assume that distinct lines (a, a'), (uj,uj') C y intersect at 
s EY, s = (a, a') n (uj,uj') G H r for some r > 0. T/ten 

• ^(a;)^'! = r 2 

for every x G X \ {uj, uj'}. In particular, \auj'\ ■ \a'uj'\ = r 2 . 
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Proof. By Proposition l8.21 the space inversion s can be represented as s = ip c 
for c = (u',u,T), where T is the sphere between u)', u of radius r in X w . 
Since u/ = s(w), we obtain, using Lemma I3T31 applied to s, that |s(x)u/| = 

2 

\s(x)s(u)\ = for every x e X\ □ 

Lemma 8.15. Given line 7 = (ao,ai) C Y and its points sq = (wo,?"o); 
si = (u)i,n) G 7 with distinct uiq, ui G X^ in the order ao, so, s±, a\, we 
have 

\OiUi\ < 1 *-r (10) 

|w wi| 

fori = 0,1 and maxjro, r±} < \coou)\ |/4. 

Proof. The space inversion lies on the lines (ao>°i) an d in Y, 

i = 0, 1. Thus by Lemma 18.141 

\a u)i\ ■ \aiUi\ = rf. (11) 

We have |wowi| > 4r for r = max{ro,ri}, thus dist(S ro (o;o), B ri (ui)) > 
\loqU!i\ — (ro + ri ) > 2r for the balls in X^ of radii ro, ri centered at u>o, wi 
respectively. Therefore, one of the points ao, a\ lies in B ro (ujQ), while the 
other in B n (uj\). We show \aiUi\ < r^ for i = 0, 1. 

Indeed, let Si, T; C X be the spheres between ao, oj, respectively w, Wj 
through Si, i = 0,1. The order ao, so> si, ai on Z tells us that the cross-ratio 

(a ,x ,xi,ai) > 1 

for any xo G S'o, xi £ Si. 

By Lemma 18.41 there is x« G 5, n . The assumption | aowi | < ri implies 
|aia;o| < r o- Then |ao^o|> > dist(B r (ujo), B r (coi)) > 2r and |aoXi| < 

2ri, |aia?o| < ^ r o- Therefore 

\a xi\ ■ \aix \ 4r ri 

(a ,x ,xi,ai) = 1 j— : 1 < — — =- < 1, 

|ao£o| " l^ixil 4r^ 

a contradiction. That is, aj G B ri (uji) for z = 1, 2. 

We have \aoai\ > |woWi| — 2r > 2r. By the triangle inequality, |ajWj| > 
\aoa±\ — \ajU!j\. Using (fTTj) . we obtain |ajLjj|(|aju;j| — |aoai|) + rf > for 
i = 0, 1. Solving this quadratic inequality, we find 



tel<i^(l-Jl-A,)<^< 



aoai| 2 / |ao°i| | w o w l| 



because Iwo^ll < |ao a i| + 2r < 2|aoai|. □ 
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Proposition 8.16. Given so = (wo> r o)j s± = (cjx,ri) G Y with distinct ujq, 
uji G X^, we have 

exp QpOq, = )^=(1 + 0(r)), 

where for r = max{ro,ri} < |woWi|/4 the function 0(r) can be estimated as 
1 0(0 1 — \luouh\ with some universal constant cq. 

Proof. Let 7 = (ao, ai) be the line through sq, si with the order ao, so, si, ai 
of our points. By Proposition 18.21 the space inversion Sj can be represented 
as Sj = ip bi = ip Ci for bi = (a ,ai,Si), Ci = (w,u)i,Ti), where Si is a sphere 
between ao, a\, and a sphere between u, Ui, i = 0,1. By the assumption, 
Tj is the sphere in X^ of radius centered at Wj. By Lemma 18.41 there is 
i< G SiHTi. Then |s ia< | = |x iW i| + 0(ff) = n + Otf) with |0(r?)| < 
according (fT0|) . Next, for i / j we have (a^a^l = l^o^il + Oj( r o, r i) with 
|Oj(ro,ri)| < ri + \ajUJj\ < r + , 4r again by (fTUj) . We conclude that 



J J\ l^o^i I 



(l + 0(r)) 



where |0(r)| < r^~i for some universal constant ci. 

We have p(so,si) = | ln(ao, xo, xx, ai}| for any x, G Si, and 

|a xi| • |x ai| |w a;i| 2 

(a , x , xi, 01) = 1 j— i 1 = (1 + 0[r)) . 

\a xo\ ■ \xiai\ r ri 

Thus 

1 A |wqWi 



ex P ^(»„, Sl )j=^(l + OM) 

with I O(r) I < 1 for some universal constant cq. □ 

For s, s' G Y we define their Gromov product w.r.t. a Busemann function 
b by 

(40b = ^ (&(«) + &(*0 - p(«, «0) ■ 

Corollary 8.17. For the Busemann function b : Y — > R centered at oj £ X 
and defined by b(t) = In ^ /or i = (i(w), r~t) G X w x R + and /or eac/i distinct 
ao, a\ G X w i/iere exists a limit 

(a \ai) b := lim(s |si) fe and e ~M a i)f> = |aoai|a;, 

r->0 

where sq, s± E H r f] (ao,ai). in particular, the Riemannian distance p on 
the filling Y = FillX induces on X = dooY the initial Mobius structure of 
X. 
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Proof. In the upper half-space model for Y with base X u , we have S{ = 
(wi,r) for some oji G X u . We can assume that Sj lie on the line (ao,a\) in 
the order O0)S0) s ij°i- By Lemma 18.151 Wj — > a\ as r — > 0. With Proposi- 
tion [STT6] we have 

(so|si)& = In - - -p(s ,sx) = -ln|a aiU + o(l) 
r 2 

as r — >• 0, which implies the corollary. □ 



8.7 Sectional curvature of Y 

To complete the proof of Theorem 11.11 it remains to check that the Mobius 
structure of X = dooY is canonical. By Corollary 18.171 it suffices to check 
that the maximum of sectional curvatures of Y is —1. 

We already mentioned that the assumption (E) of Theorem 11.11 also 
serves as a normalization condition. 

Proposition 8.18. Sectional curvatures K a of Y bounded above by — 1, 
moreover max K a = — 1 . 

Proof. It suffices to check that K a < — 1 because Y contains geodesic iso- 
metric copies of the hyperbolic plane H 2 . We assume that for every oj G X 
the nilpotent group N = of shifts of X u is not abelian since otherwise 
X = R n by Proposition E51 and Y = H n+1 . 

We fix oj G X, o G X u . Then the homothety group r — ^o,uj acts 
on N by conjugation, 7(77) =701)0 for every 7 G T, -q G N. Thus 
G = N x r < AutX is a solvable group of Mobius automorphisms of X, 
which acts simply transitively by isometries on Y. We fix sq G Y, e.g. 
so = (o, 1) G X w x R + , and identify G with F by g i-> 5*(so) = 5 so 
for g £ G. Then the tangent space T So Y is endowed with the Lie algebra 
structure g of G. 

Let -Hi = X w x {1} C Y be the horosphere through so in the upper half- 
space model. Then the tangent space T S0 H\ C T S0 Y is identified with the 
Lie algebra of N, [g,g] = n. Let {g 1 } be the lower central series of n defined 
by g 1 = n, = [n, g 1 ]. Decompose g l orthogonally as g l = a\ + g x+1 . Since 
n is nilpotent, we have n = Y1T a i f° r some m G N. Note that m > 2 by 
the assumption that N is not abelian. We fix a unit vector Aq G g which 
is orthogonal to n. Since Y is symmetric, its curvature tensor 1Z is parallel, 
VIZ = 0. Then by [He] the symmetric part -Do of the endomorphism ad A$\n 
has the eigenvalues i ■ A, -Dol^i = « • A • id for some A > and i = 1, . . . ,m, 
see |Hel Proposition 3, (iib)]. By |He|, Corollary] this implies that nonzero 
eigenvalues of the curvature operator u h-» TZ(u, Aq, Aq), i.e. the respective 
sectional curvatures K a , are —i 2 \ 2 , i = 1, ... ,m. Note that the subspace 
g 1 = [n, n] G T X U is tangent to the K-line through o, any nonzero vector 
u G a x C T X W is tangent to a Ptolemy line in X u through o. It means that 
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the 2-direction (u, Aq) C T so Y is tangent to a geodesic isometric copy of H 2 
in Y. Thus A = 1 and hence maxK a = — 1. □ 

Remark 8.19. It is proved in |He| Proposition 3] that actually m = 2 and 
thus Y is 1/4-pinched, —4 < K a < — 1. Again, the proof does not use the 
classification of rank one symmetric spaces. 
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